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1 In tro duction

Ov er the past 25 y ears, category theory has b ecome an increasingly signi�can t conceptual and

practical to ol in man y areas of computer science. There are ma jor conferences and journals de-

v oted wholly or partially to applying categorical metho ds to computing. A t the same time, the

close connections of computer science to logic ha v e seen categorical logic (dev elop ed in the 1970's)

fruitfully applied in signi�can t w a ys in b oth theory and practice.

Giv en the rapid and enormous dev elopmen t of the sub ject and the a v ailabilit y of suitable gradu-

ate texts and sp ecialized surv ey articles, w e shall only examine a few of the areas that app ear to

the author to ha v e conceptual and mathematical in terest to the readers of this Handb o ok. Along

with the man y references in the text, the reader is urged to examine the �nal section (Literature

Notes) where w e reference omitted imp ortan t areas, as w ell as the Bibliograph y .

W e shall b egin b y discussing the close connections of certain closed categories with t yp ed lam b da

calculi on the one hand, and with the pro of theory of v arious logics on the other. It cannot b e

o v eremphasized that mo dern computer science hea vily uses formal syn tax but w e shall try to tread

ligh tly . The so-called Curry-Ho w ard isomorphism (whic h iden ti�es formal pro ofs with lam b da

terms, hence with arro ws in certain free categories ) is the cornerstone of mo dern programming

language seman tics and simply cannot b e o v erlo ok ed.

Notation: W e often elide comp osition sym b ols, writing g f : A ! C for g

o

f : A ! C , whenev er

f : A ! B and g : B ! C . T o sa v e some space, w e ha v e omitted large n um b ers of routine diagrams,

whic h the reader can �nd in the sources referenced.

2 Categories, Lam b da Calculi, and F orm ulas-as-T yp es

2.1 Cartesian Closed Categories

Cartesian closed categories (ccc's) w ere dev elop ed in the 1960's b y F. W. La wv ere [La w66 , La w69 ].

Both La wv ere and Lam b ek [L74] stressed their connections to Ch urc h's lam b da calculus, as w ell as

to in tuitionistic pro of theory . In the 1970's, w ork of Dana Scott and Gordon Plotkin established

their fundamen tal role in the seman tics of programming languages. A precise equiv alence b et w een

these three notions (ccc's, t yp ed lam b da calculi, and in tuitionistic pro of theory) w as published in

Lam b ek and Scott [LS86 ]. W e recall the appropriate de�nitions from [LS86]:
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Ob jects Distinguished Arro w(s) Equations

T erminal 1 A

!

A

� ! 1 !

A

= f ,

f : A ! 1

�

A;B

1

: A � B ! A �

1

o

h f ; g i = f

Pro ducts A � B �

A;B

2

: A � B ! B �

2

o

h f ; g i = g

C

f

� ! A C

g

� ! B

C

h f ;g i

� ! A � B

h �

1

o

h; �

2

o

h i = h ,

h : C ! A � B

Exp onen tials B

A

ev

A;B

: B

A

� A ! B ev

o

h f

�

o

�

1

; �

2

i = f

C � A

f

� ! B

C

f

�

� ! B

A

( ev

o

h g

o

�

1

; �

2

i )

�

= g ;

g : C ! B

A

Figure 1: CCC's Equationally

De�nition 2.1

(i) A c artesian c ate gory C is a category with distinguished �nite pro ducts (equiv alen tly , binary

pro ducts and a terminal ob ject 1.) This sa ys there are isomorphisms (natural in A; B ; C )

H om

C

( A; 1)

�

=

f�g(1)

H om

C

( C ; A � B )

�

=

H om

C

( C ; A ) � H om

C

( C ; B )(2)

(ii) A c artesian close d c ate gory C is a cartesian category C suc h that, for eac h ob ject A 2 C ,

the functor ( � ) � A : C ! C has a sp eci�ed righ t adjoin t, denoted ( � )

A

.That is, there is an

isomorphism (natural in B and C )

H om

C

( C � A; B )

�

=

H om

C

( C ; B

A

)(3)

F or man y purp oses in computer science, it is often useful to ha v e categories with explicitly giv en

strict structure along with strict functors that preserv e ev erything on the nose. W e ma y presen t

suc h ccc's equationally , in the spirit of m ultisorted univ ersal algebra. The arro ws and equations

are summarized in Figure 1. These equations determine the isomorphisms (1), (2), and (3). In this

presen tation w e sa y the structure is strict , meaning there is only one ob ject represen ting eac h of

the ab o v e constructs 1 ; A � B ; B

A

. The exp onen tial ob ject B

A

is often called the function sp ac e of

A and B . In the computer science literature, the function space is often denoted A ) B , while the

arro w C

f

�

� ! B

A

is often called currying of f .

Remark 2.2 F ollo wing most categorical logic and computer science literature, w e do not assume

ccc's ha v e �nite limits [La w69 , LS86, A C98 , Mit96]), in order to k eep the corresp ondence with

simply t yp ed lam b da calculi, cf Theorem 2.20 b elo w. Earlier b o oks (cf. [Mac71 ]) do not alw a ys

follo w this con v en tion.

Let us list some useful examples of cartesian closed categories: for details see [LS86, Mit96 ,

Mac71 ]

Example 2.3 The category Set of sets and functions. Here A � B is a c hosen cartesian pro duct

and B

A

is the set of functions from A to B . The map B

A

� A

ev

� ! B is the usual ev aluation map,

while currying C

f

�

� ! B

A

is the map c 7! ( a 7! f ( c; a )).
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An imp ortan t subfamily of examples are Henkin mo dels whic h are ccc's in whic h the terminal

ob ject 1 is a generator ( [Mit96 ], Theorem 7.2.41). More concretely , for a lam b da calculus signature

with freely generated t yp es (cf Section 2.13 b elo w), a Henkin mo del A is a t yp e-indexed family of

sets A = f A

�

j � a t yp e g where A

1

= f�g ; A

� � �

= A

�

� A

�

; A

� ) �

� A

A

�

�

whic h forms a ccc with

resp ect to restriction of the usual ccc structure of Set . In the case of atomic base sorts b , A

b

is

some �xed but arbitrary set. A ful l typ e hier ar chy is a Henkin mo del with full function spaces, i.e.

A

� ) �

= A

A

�

�

:

Example 2.4 More generally , the functor category Set

C

op

of preshea v es on C is cartesian closed.

Its ob jects are (con tra v arian t) functors from C to Set , and its arro ws are natural transformations

b et w een them. W e sk etc h the ccc structure: giv en F ; G 2 Set

C

op

, de�ne F � G p oin t wise on

ob jects and arro ws. Motiv ated b y Y oneda's Lemma, de�ne G

F

( A ) = N at ( h

A

� F ; G ) , where

h

A

= H om ( A; � ) : This easily extends to a functor. Finally if H � F

�

� ! G , de�ne H

�

�

� ! G

F

b y:

�

�

A

( a )

C

( h; c ) = �

C

( H ( h )( a ) ; c ).

F unctor categories ha v e b een used in studying problematic seman tical issues in Algol-lik e lan-

guages [Rey81, Ol85 , OHT92, T en94], as w ell as recen tly in concurrency theory and mo dels of

� -calculus [CSW , CaWi ]. Sp ecial cases of preshea v es ha v e b een studied extensiv ely [Mit96 , LS86]:

� Let C b e a p oset (qua trivial category). Then Set

C

op

, the category of Kripk e mo dels o v er C ,

ma y b e iden ti�ed with sets indexed (or graded) b y the p oset C . Suc h mo dels are fundamen tal

in in tuitionistic logic [LS86 , T rvD88 ] and also arise in Kripk e Logical Relations, an imp ortan t

to ol in seman tics of programming languages [Mit96 , OHT93 , OHRi ].

� Let C = O ( X ), the p oset of op ens of the top ological space X . The sub category S h ( X ) of

shea v es on X is cartesian closed.

� Let C b e a monoid M (qua category with one ob ject). Then Set

C

op

is the category of M -

sets , i.e. sets X equipp ed with a left action; equiv alen tly , a monoid homomorphism M !

E nd ( X ), where E nd ( X ) is the monoid of endomaps of X . Morphisms of M -sets X and Y

are equiv arian t maps (i.e. functions comm uting with the action.) A sp ecial case of this is

when M is actually a group G (qua category with one ob ject, where all maps are isos). In

that case Set

C

op

is the category of G -sets, the category of p erm utational represen tations of

G . Its ob jects are sets X equipp ed with left actions G ! S y m ( X ) and whose morphisms

are equiv arian t maps. W e shall return to these examples when w e sp eak of La • uc hli seman tics

and F ull Completeness, Section 5.2

Example 2.5 ! -CPO . Ob jects are p osets P suc h that coun table ascending c hains a

0

� a

1

� a

2

�

� � � ha v e suprema. Morphisms are maps whic h preserv e suprema of coun table ascending c hains (in

particular, are order preserving.) This category is a ccc, with pro ducts P � Q ordered p oin t wise

and Q

P

= H om ( P ; Q ), ordered p oin t wise. In this case, the categories are ! - CPO -enric hed{i.e.

the hom-sets themselv es form an ! - CPO , compatible with comp osition. An imp ortan t sub ccc is

! - CPO

?

, in whic h all ob jects ha v e a distinguished minimal elemen t ? (but morphisms need not

preserv e it).

The category ! -CPO is the most basic example in a v ast researc h area, domain the ory , whic h

has arisen since 1970. This area concerns the denotational seman tics of programming languages

and mo dels of un t yp ed lam b da calculi (cf. Section 2.5 b elo w.) See also the surv ey article [AbJu94].

Example 2.6 Coher ent Sp ac es and Stable Maps. A Coher ent Sp ac e A is a family of sets satisfying:

(i ) a 2 A and b � a implies b 2 A , and (ii) if B � A and if 8 c; c

0

2 B ( c [ c

0

2 A ) then [ B 2 A .

In particular, ; 2 A . Morphisms are stable maps , i.e. monotone maps preserving pullbac ks and
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�ltered colimits. That is, f : A ! B is a stable map if (i) b � a 2 A implies f ( b ) � f ( a ),

(ii) f ( [

i 2 I

a

i

) = [

i 2 I

f ( a

i

), for I directed, and (iii) a [ b 2 A implies f ( a \ b ) = f ( a ) \ f ( b ).

This giv es a category Stab . Ev ery coheren t space A yields a re
exiv e-symmetric (undirected)

graph ( jAj ;

_

^

) where jAj = f a j f a g 2 Ag and a

_

^

b i� f a; b g 2 A . Moreo v er, there is a bijectiv e

corresp ondence b et w een suc h graphs and coheren t spaces. Giv en t w o coheren t spaces A ; B their

pro duct A � B is de�ned via the asso ciated graphs as follo ws: ( jA � B j ;

_

^

A�B

) , with jA � B j =

jAj ] jB j = ( f 1 g � jAj ) [ ( f 2 g � jB j ) where (1 ; a )

_

^

A�B

(1 ; a

0

) i� a

_

^

A

a

0

, (2 ; b )

_

^

A�B

(2 ; b

0

) i�

b

_

^

B

b

0

, and (1 ; a )

_

^

A�B

(2 ; b ) for all a 2 jAj ; b 2 jB j . The function space B

A

= S tab ( A ; B ) of stable

maps can b e giv en the structure of a coheren t space, ordered b y Berry's order: f � g i� for all

a; a

0

2 A ; a

0

� a implies f ( a

0

) = f ( a ) \ g ( a

0

). F or details, see [GL T, T r92]. This class of domains

led to the disco v ery of linear logic (Section 4.2).

Example 2.7 Per Mo dels. A p artial e quivalenc e r elation (p er) is a symmetric, transitiv e relation

�

A

� A

2

. Th us �

A

is an equiv alence relation on the subset D om

A

= f x 2 A j x �

A

x g . A P -set

is a pair ( A; �

A

) where A is a set and �

A

is a p er on A . Giv en t w o P -sets ( A; �

A

) and ( B ; �

B

)

a morphism of P -sets is a function f : A ! B suc h that a �

A

a

0

implies f ( a ) �

B

f ( a

0

) for all

a; a

0

2 A . That is, f induces a map of quotien ts D om

A

= �

A

! D om

B

= �

B

whic h preserv es the

asso ciated partitions.

P Set , the category of P -sets and morphisms is a ccc, with structure induced from S et : w e

de�ne ( A � B ; �

A � B

), where ( a; b ) �

A � B

( a

0

; b

0

) i� a �

A

a

0

and b �

B

b

0

and ( B

A

; �

B

A

), where

f �

B

A
g i� for all a; a

0

2 A , a �

A

a

0

implies f ( a ) �

B

g ( a

0

). W e shall discuss v arian ts of the ccc

structure of P Set in Section 2.7 b elo w, with resp ect to reduction-free normalization.

Other classes of Per mo dels are obtained b y considering p ers on a �xed (functionally complete)

partial com binatory algebra, for example built o v er a mo del of un t yp ed lam b da calculus (cf Section

2.5 b elo w). The protot ypical example is the follo wing category P er ( N ) of p ers on the natural

n um b ers. The ob jects are p ers on N . Morphisms R

f

� ! S are (equiv alence classes of ) partial

recursiv e functions (= T uring-mac hine computable partial functions) N * N whic h induce a total

map on the induced partitions, i.e. for all m; n 2 N , mRn implies f ( m ) ; f ( n ) are de�ned and

f ( m ) S f ( n ). Here w e de�ne equiv alence of maps f ; g : R ! S b y: f � g i� 8 m; n , mRn implies

f ( m ) ; g ( n ) are de�ned and f ( m ) S g ( n ). The fact that P er ( N ) is a ccc uses some elemen tary

recursion theory [BFSS90 , Mit96 , AL91]. (See also Section 2.4.1).

Example 2.8 F r e e CCC's . Giv en a set of basic ob jects X , w e can form F

X

, the fr e e c c c gener ate d

by X . Its ob jects are freely generated from X and 1 using � and ( � )

( � )

, its arro ws are freely

generated using iden tities and comp osition plus the structure in Figure 1, and w e imp ose the

minimal equations required to ha v e a ccc. More generally , w e ma y build F

G

, the free ccc generated

b y a directed m ultigraph (or ev en a small category) G , b y freely generating from the v ertices (resp.

ob jects) and edges (resp. arro ws) of G and then{in the case of categories G {imp osing the appropriate

equations. The sense that this is free is related to De�nition 2.9 and discussed in Example 2.23.

Cartesian closed categories can themselv es b e made in to a category in man y w a ys. This dep ends,

to some exten t, on ho w m uc h 2- , bi-, enric hed- , etc. structure one wishes to imp ose. The follo wing

elemen tary notions ha v e pro v ed useful. W e shall men tion a comparison b et w een strict and nonstrict

ccc's with copro ducts in Remark 2.28. More general notions of monoidal functors, etc. will b e

men tioned in Section 4.1.

De�nition 2.9 CAR T

st

is the category of strictly structured cartesian closed categories with

functors that preserv e the structure on the nose. 2-CAR T

st

is the 2-category whose 0-cells are

cartesian closed categories, whose 1-cells are strict cartesian closed functors, and whose 2-cells are

5



natural isomorphisms.

As p oin ted out b y Lam b ek [L74 , LS86], giv en a ccc A , w e ma y adjoin an indeterminate arro w

1

x

� ! A to A to form a p olynomial cartesian closed category A [ x ] o v er A , with the exp ected

univ ersal prop ert y in CAR T

st

. The ob jects of A [ x ] are the same as those of A , while the arro ws are

\p olynomials", i.e. formal expressions built from the sym b ol x using the arro w-forming op erations

of A . The k ey fact ab out suc h p olynomial expressions is a normal form theorem, stated here for

ccc's, although it applies more generally (see [LS86], p.61):

Prop osition 2.10 (F unctional Completeness) F or every p olynomial ' ( x ) in an indeterminate

1

x

� ! A over a c c c A , ther e is a unique arr ow 1

h

� ! C

A

2 A such that ev

o

h h; x i =

x

' ( x ) , wher e =

x

is e quality in A [ x ] .

Lo oking ahead to lam b da calculus notation in the next section, w e write h � �

x : A

:' ( x ), so the

equation ab o v e b ecomes ev

o

h �

x : A

: ' ( x ) ; x i =

x

' ( x ). The univ ersal prop ert y of p olynomial algebras

guaran tees a notion of substitution of c onstants 1

a

� ! A 2 A for indeterminates x in ' ( x ). W e

obtain the follo wing:

Corollary 2.11 (The � rule) In the situation ab ove, for any arr ow 1

a

� ! A 2 A

ev

o

h �

x : A

:' ( x ) ; a i = ' ( a )(4)

holds in A .

The � -rule is the foundation of the lamb da c alculus , fundamen tal in programming language theory .

It sa ys the follo wing: w e think of �

x : A

:' ( x ) as the function x 7! ' ( x ). Equation 4 sa ys: ev aluating

the function �

x : A

:' ( x ) at argumen t a is just substitution of the constan t a for eac h o ccurrence of

x in ' ( x ). Ho w ev er this pro cess is far more sophisticated than simple p olynomial substitution in

algebra. In our situation, the argumen t a ma y itself b e a lam b da term, whic h in turn ma y con tain

other lam b da terms applied to v arious argumen ts, etc. After substitution, the righ t hand side ' ( a )

of Equation 4 ma y b e far more complex than the left hand side, with man y new p ossibilities for

ev aluations created b y the substitution. Th us, if w e think of c omputation as orien ted rewriting

from the LHS to the RHS, it is not at all ob vious the pro cess ev er halts. The fact that it do es is a

basic theorem in the so-called Op erational Seman tics of t yp ed lam b da calculus. Indeed, the Strong

Normalization Theorem (cf. [LS86], p. 81) sa ys every sequence of ordered rewrites (from left to

righ t) ev en tually halts at an irreducible term (cf. Remark 2.49 and Section 2.7 b elo w).

Remark 2.12 W e ma y also form p olynomial ccc's A [ x

1

; � � � ; x

n

] b y adjoining a �nite set of inde-

terminates 1

x

i

� ! A

i

. Using pro duct t yp es, one ma y sho w A [ x

1

; � � � ; x

n

]

�

=

A [ z ], for an indeterminate

1

z

� ! A

1

� � � � � A

n

.

P olynomial cartesian or cartesian closed categories A [ x ] ma y b e constructed directly , sho wing

they are the Kleisli category of an appropriate comonad on A (see [LS86], p.56). Extensions of

this tec hnique to allo w adjoining indeterminates to �brations, using 2-categorical mac hinery are

considered in [HJ95 ].

2.2 Simply T yp ed Lam b da Calculi

Lam b da Calculus is an abstract theory of functions dev elop ed b y Alonzo Ch urc h in the 1930's.

Originally arising in the foundations of logic and computabilit y theory , more recen tly it has b ecome

an essen tial to ol in the mathematical foundations of programming languages [Mit96 ]. The calculus

itself, to b e describ ed b elo w, encompasses the pro cess of building functions from v ariables and

constan ts, using application and functional abstraction.
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Actually , there are man y \lam b da calculi"{t yp ed and un t yp ed{with v arious elab orate structures

of t yp es, terms, and equations. Let us giv e the basic t yp ed one. W e shall follo w an algebraic syn tax

as in [LS86].

De�nition 2.13 (T yp ed � -calculus) Let Sorts b e a set of sorts (or atomic t yp es). The typ e d

� -c alculus gener ate d by Sorts is a formal system consisting of three classes: T yp es, T erms and

Equations b et w een terms. W e write a : A for \ a is a term of t yp e A ".

T yp es : This is the class obtained from the collection of Sorts using the follo wing rules: Sorts are

t yp es, 1 is a t yp e, and if A and B are t yp es then so are A � B and B

A

. W e allo w the p ossibilit y

of other t yp es or t yp e-forming op erations and p ossible iden ti�cations b et w een t yp es.

T erms : T o ev ery t yp e A w e assign a den umerable set of t yp ed v ariables x

A

i

: A; i = 0 ; 1 ; 2 ; : : : :

W e write x : A or x

A

for a t ypical v ariable x of t yp e A . T erms are freely generated from v ari-

ables, constan ts, and term-forming op erations. W e require at least the follo wing distinguished

generators:

1. � : 1 ,

2. If a : A; b : B ; c : A � B , then h a; b i : A � B ; �

A;B

1

( c ) : A; �

A;B

2

( c ) : B ;

3. If a : A; f : B

A

; ' : B then ev

A;B

( f ; a ) : B ; �

x : A

: ' : B

A

.

There ma y b e additional constan ts and term-forming op erations b esides those sp eci�ed.

W e shall abbreviate ev

A;B

( f ; a ) b y f ` a , read \ f of a ", omitting t yp es when clear. In tuitiv ely ,

ev

A;B

denotes ev aluation, h� ; �i denotes pairing, and �

x : A

:' denotes the function x 7! ' ,

where ' is some term expression p ossibly con taining x . The op erator �

x : A

acts lik e a quan-

ti�er, so the v ariable x in �

x : A

: ' is a b ound (or dumm y) v ariable, just lik e the x in 8

x : A

' or

in

R

f ( x ) dx . W e inductiv ely de�ne the sets of free and b ound v ariables in a term t , denoted

F V ( t ) ; B V ( t ), resp. (cf. [Bar84 ], p. 24). W e shall alw a ys iden tify terms up to renaming of

b ound v ariables. The expression ' [ a=x ] denotes the result of substituting the term a : A for

eac h o ccurrence of x : A in ' , if necessary renaming b ound v ariables in ' so that no clashes

o ccur (cf. [Bar84 ].) T erms without free v ariables are called close d ; otherwise, op en .

Equations b etwe en terms : A c ontext � is a �nite set of (t yp ed) v ariables. An e quation in c ontext

� is an expression a =

�

a

0

, where a; a

0

are terms of the same t yp e A whose free v ariables are

con tained in �.

The equalit y relation b et w een terms (in con text) of the same t yp e is generated using (at least)

the follo wing axioms and closure under the follo wing rules:

(i) =

�

is an equiv alence relation,

(ii)

a =

�

b

a =

�

b

, whenev er � � �

(iii) =

�

m ust b e a congruence relation with resp ect to all term-forming op erations. It su�ces

to consider closure under the follo wing t w o rules (cf. [LS86 ])

a =

�

b

f ` a =

�

f ` b

' =

� [f x

A

g

'

0

�

x : A

:' =

�

�

x : A

:'

0

(iv) The follo wing sp eci�c axioms (w e omit subscripts on terms, when the t yp es are ob vious):

Pr o ducts

(a) a =

�

� for all a : 1,

7



(b) �

1

( h a; b i ) =

�

a for all a : A; b : B ,

(c) �

2

( h a; b i ) =

�

b for all a : A; b : B ,

(d) h �

1

( c ) ; �

2

( c ) i =

�

c for all c : C ,

L amb da Calculus

� -R ule ( �

x : A

:' )` a =

�

' [ a=x ] ,

� -R ule �

x : A

: ( f ` x ) =

�

f , where f : B

A

and x is not a free v ariable of f .

Remark 2.14 There ma y b e additional t yp es, terms, or equations. F ollo wing standard con v en-

tions, w e equate terms whic h only di�er b y c hange of b ound v ariables{this is called � - con v ersion

in the literature [Bar84 ]. Equations are in c ontext {i.e. o ccur within a declared set of free v ariables.

This allo ws the p ossibilit y of empty typ es , i.e t yp es without closed terms (of that t yp e). This view

is fundamen tal in recen t approac hes to functional languages [Mit96 ] and necessary for in terpreting

suc h theories in presheaf categories, for example. Ho w ev er, if there happ en to b e closed terms a : A

of eac h t yp e, w e ma y omit the subscript � on equations, b ecause of the follo wing deriv able rule (cf.

[LS86], Prop. 10.1, p.75): for x 62 � and if all free v ariables of a are con tained in �,

' ( x ) =

� [f x g

 ( x )

' [ a=x ] =

�

 [ a=x ]

Example 2.15 F r e ely gener ate d simply typ e d lamb da c alculi. These are freely generated from

sp eci�ed sorts, terms, and/or equations. In the minimal case (no additional assumptions) w e

obtain the simply t yp ed lam b da calculus with �nite pro ducts freely generated b y Sorts. T ypically ,

ho w ev er, w e assume that among the Sorts are distinguished datatyp es and asso ciated terms, p ossibly

with sp eci�ed equations. F or example, basic univ ersal algebra w ould b e mo delled b y sorts A with

distinguished n -ary op erations giv en b y terms t : A

n

) A and constan ts c : 1 ! A . An y sp eci�ed

term equations are added to the theory as (nonlogical) axioms.

Example 2.16 The internal language of a c c c A . Here the t yp es are the ob jects of A , where

� ; ( � )

( � )

; 1 ha v e the ob vious meanings. T erms with free v ariables x

1

: A

1

; � � � ; x

n

: A

n

are p olyno-

mials in A [ x

1

; � � � ; x

n

], where 1

x

i

� ! A

i

is an indeterminate, lam b da abstraction is giv en b y functional

completeness, as in Prop osition 2.10, and w e de�ne a =

X

b to hold i� a =

X

b as p olynomials in A [ X ],

where X = f x

1

; � � � ; x

n

g .

Remark 2.17

(i) Historically , t yp ed lam b da calculi w ere often presen ted with only exp onen tial t yp es B

A

(no

pro ducts) and the asso ciated mac hinery [Bar84 , Bar92 ]. This p ermits certain simpli�cations

in inductiv e argumen ts, athough it is categorically less \natural" (cf. also Remark 2.24).

(ii) It is a fundamen tal prop ert y that lam b da calculus is a higher-or der functional language: terms

of t yp e B

A

can use an arbitrary term of t yp e A as an argumen t, and A and B themselv es ma y

b e v ery complex. Th us, t yp ed lam b da calculus is often referred to as a theory of functionals

of higher typ e .

2.3 F orm ulas-as-T yp es: the fundamen tal equiv alence

Let us describ e the third comp onen t of the trio: cartesian closed categories, t yp ed lam b da cal-

culi, and form ulas-as-t yp es. The F ormulas-as-T yp es view, sometimes called the Curry-Ho w ard

8



F ormulas A ::= > j Atoms j A

1

^ A

2

j A

1

) A

2

Pr ovability ` is a re
exiv e, transitiv e relation suc h that,

for arbitrary form ulas A; B ; C

A ` > , A ^ B ` A , A ^ B ` B

C ` A ^ B i� C ` A and C ` B

C ^ A ` B i� C ` A ) B

Figure 2: In tuitionistic > ; ^ ; ) Logic

isomorphism, is pla ying an increasingly in
uen tial role in the logical foundations of computing,

esp ecially in the foundations of functional programming languages. Its historical ro ots lie in

the so-called Brou w er-Heyting-Kolmogoro v (BHK) in terpretation of in tuitionistic logic from the

1920's[GL T , T rvD88 ]. The idea is based on mo delling pro ofs (whic h are programs) b y functions,

i.e. lam b da terms. Since pro ofs can b e mo delled b y lam b da terms and the latter are themselv es

arro ws in certain free categories, it follo ws that functional programs can b e mo delled categorically .

In mo dern guise, the Curry-Ho w ard analysis sa ys the follo wing. Pro ofs in a constructiv e logic

L ma y b e iden ti�ed as terms of an appropriate t yp ed lam b da calculus �

L

, where:

� t yp es = form ulas of L ,

� lam b da terms = pro ofs (i.e. annotations of Natural Deduction pro of trees ),

� pro v able equalit y of lam b da terms corresp onds to the equiv alence relation on pro ofs generated

b y Gen tzen's normalization algorithm.

Often researc hers imp ose additional equations b et w een lam b da terms, motiv ated from categorical

considerations (e.g. to force traditional datat yp es to ha v e a strong univ ersal mapping prop ert y).

Remark 2.18 (F orm ulas = Sp eci�cations) More generally , the Curry-Ho w ard view iden ti�es

t yp es of a programming language with form ulas of some logic, and programs of t yp e A as pro ofs

within the logic of form ula A . Constructing pro ofs of form ula A ma y then b e in terpreted as building

programs that meet the sp eci�cation A .

F or example, consider the in tuitionistic f> ; ^ ; )g -fragmen t of prop ositional calculus, as in

Figure 2. This logic closely follo ws the presen tation of ccc's in De�nition 2.1 and Figure 1. W e

no w iden tit y (= F orm ulas-as-T yp es) the prop ositional sym b ols > ; ^ ; ) with the t yp e constructors

1 ; � ; ) , resp ectiv ely . W e assign lam b da terms inductiv ely . T o a pro of of A ` B w e assign � -terms

x : A ` t ( x ) : B , where t ( x ) is a term of t yp e B with at most the free v ariable x : A (i.e. in con text

f x : A g ) as follo ws:

x : A ` x : A ;

x : A ` s ( x ) : B y : B ` t ( y ) : C

x : A ` t [ s ( x ) =y ] : C ;

x : A ` � : > ; x : A ^ B ` �

1

( x ) : A ; x : A ^ B ` �

2

( x ) : B ;

x : C ` a : A x : C ` b : B

x : C ` h a; b i : A ^ B ;

z : C ^ A ` t ( z ) : B

y : C ` �

x : A

: t [ h y ; x i =z ] : A ) B ;
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y : C ` t ( y ) : A ) B

z : C ^ A ` t [ �

1

( z ) =y ]` �

2

( z ) : B

W e can no w refer to en tire pro of trees b y the asso ciated lam b da terms. W e wish to put an equi-

v alence relation on pro ofs, according to the equations of t yp ed lam b da calculus. Giv en t w o pro ofs

of an en tailmen t A ` B , sa y x : A ` s ( x ) : B and x : A ` t ( x ) : B , w e sa y they are e quivalent if w e

can deriv e s =

f x g

t in the appropriate t yp ed lam b da calculus.

De�nition 2.19 Let � - Calc denote the category whose ob jects are t yp ed lam b da calculi and

whose morphisms are tr anslations , i.e. maps � whic h send t yp es to t yp es, terms to terms (including

mapping the i th v ariable of t yp e A to the i th v ariable of t yp e �( A ) ), preserv e all the sp eci�ed

op erations on t yp es and terms on the nose, and preserv e equations.

Theorem 2.20 Ther e ar e a p air of functors C : � - Calc ! C ar t

st

and L : C ar t

st

! � - Calc which

set up an e quivalenc e of c ate gories C ar t

st

�

=

� - Calc .

The functor L asso ciates to ccc A its in ternal language, while the functor C asso ciates to an y

lam b da calculus L , a syn tactically generated ccc C ( L ), whose ob jects are t yp es of L and whose

arro ws A ! B are denoted b y (equiv alence classes of ) lam b da terms t ( x ) represen ting pro ofs

x : A ` t ( x ) : B as ab o v e (see [LS86]).

This leads to a kind of Soundness Theorem for diagrammatic reasoning whic h is imp ortan t in

categorical logic.

Corollary 2.21 V erifying that a diagr am c ommutes in a c c c C is e quivalent to pr oving an e quation

in the internal language of C .

The ab o v e result includes allo wing algebraic theories mo delled in the cartesian fragmen t [Mac82 ,

Cr93 ], as w ell as extensions with categorical data t yp es (lik e w eak natural n um b ers ob jects, see

Section 2.3.1.) Theorem 2.20 also leads to concrete syn tactic presen tations of free ccc's [LS86 ,

T a y98 ]. Let Graph b e the category of directed m ulti-graphs [ST96].

Corollary 2.22 The for getful functor U : C ar t

st

! Gr aph has a left adjoint F : Gr aph ! C ar t

st

.

L et F

G

denote the image of gr aph G under F . We c al l F

G

the fr e e c c c gener ate d by G .

Example 2.23 Giv en a discrete graph G

0

considered as a a set, F

G

0

= the free ccc generated b y the

set of sorts G

0

. It has the follo wing univ ersal prop ert y: for an y ccc C and for an y graph morphism

F : G

0

! C , there is a unique extension to a (strict) ccc-functor �

F

: F

G

0

! C .

F

G

0

�

F

-

C

�

�

�

�

�

F

�

G

0

6

This sa ys: giv en an y in terpretation F of basic atomic t yp es (= no des of G

0

) as ob jects of C , there

is a unique extension to an in terpretation �

F

in C of the en tire simply t yp ed lam b da calculus

generated b y G

0

(iden tifying the free ccc F

G

0

with this lam b da calculus.)

Remark 2.24 A Pitts [Pi9?] has sho wn ho w to construct free ccc's syn tactically , using lam b da

calculi without pro duct t yp es. The idea is to tak e ob jects to b e se quenc es of t yp es and arro ws
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Ob jects Distinguished Arro w(s) Equations

Initial 0 0

O

A

� ! A O

A

= f ,

f : 0 ! A

in

A;B

1

: A ! A + B [ f ; g ]

o

in

1

= f

Copro ducts A + B in

A;B

2

: B ! A + B [ f ; g ]

o

in

2

= g

A

f

� ! C B

g

� ! C

A + B

[ f ;g ]

� ! C

[ h

o

in

1

; h

o

in

2

] = h ,

h : A + B ! C

Figure 3: Copro ducts

to b e sequences of terms. The terminal ob ject is the empt y sequence, while pro ducts are giv en

b y concatenation of sequences. F or a full discussion, see [CDS97 ] This is useful in reduction-free

normalization (see Section 2.7 b elo w).

Remark 2.25 There are more adv anced 2- and bi-categorical v ersions of the ab o v e results. W e

shall men tion more structure in the case of cartesian closed categories with copro ducts, in the next

section.

2.3.1 Some D a t a types

Computing requires datat yp es, for example natural n um b ers, lists, arra ys, etc. The categorical

dev elopmen t of suc h datat yp es is an old and established area. The reader is referred to an y of the

standard texts for discussion of the basics, e.g. [MA86 , BW95 , Mit96, T en94]. General categorical

treatmen ts of abstract datat yp es ab ound in the literature. The standard treatmen t is to use

initial T -algebras (cf. Section 2.4.2 b elo w) or �nal T -coalgebras for \de�nable" or \p olynomial"

endofunctors T . There are in teresting common generalizations to lam b da calculi with functorial

t yp e constructors [Ha87 , W r89 ], categories with datat yp es determined b y strong monads[Mo91 ,

CSp91], and using enric hed categorical structures [K82 ]. There is recen t discussion of datat yp es in

distributiv e categories, [Co93 , W92 ] and the use of the categorical theory of sk etc hes [BW95 , Bor94 ].

W e shall merely illustrate a few elemen tary algebraic structures commonly added to a cartesian

or cartesian closed category (or the asso ciated term calculi).

De�nition 2.26 A category C has �nite c opr o ducts (equiv alen tly , binary copro ducts and an initial

ob ject 0) if for ev ery A; B 2 C there is a distinguished ob ject A + B , together with isomorphisms

(natural in A; B ; C 2 C )

H om

C

(0 ; A )

�

=

f�g(5)

H om

C

( A + B ; C )

�

=

H om

C

( A; C ) � H om

C

( B ; C )(6)

W e sa y C is bic artesian close d (= biccc) if it is a ccc with �nite copro ducts

1

.

Just as in the case of pro ducts (cf. Figure 1), w e ma y presen t copro ducts equationally , as

in Figure 3, and sp eak of strict structure, etc. In programming language seman tics, copro ducts

corresp ond to variant typ es , set-theoretically they corresp ond to disjoin t union, while from the

logical viewp oin t copro ducts corresp ond to disjunction. Th us a biccc corresp onds to in tuitionistic

f? ; > ; ^ ; _ ; )g -logic. W e add to the logic of Figure 2 form ulas ? and A

1

_ A

2

, together with the

1

Not to b e confused with bic ate gorie s , cf. [Bor94 ]
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rules

? ` A

A _ B ` C i� A ` C and B ` C

corresp onding to equations (5),(6). The asso ciated t yp ed lam b da calculus with copro ducts is rather

subtle to form ulate [Mit96 , GL T]. The problem is with the copairing op erator A + B

[ f ;g ]

� ! C whic h

in S ets corresp onds to a de�nition-by-c ases op erator:

[ f ; g ]( x ) =

(

f ( x ) if x 2 A

g ( x ) if x 2 B

The correct lam b da calculus formalism for copro duct t yp es corresp onds to the logicians' natural

deduction rules for strong sums. The issue is not trivial, since the w ord problem for free biccc's

(and the asso ciated t yp e isomorphism problem [DiCo95 ]) is among the most di�cult of this t yp e

of question, and|at least for the curren t state of the art|dep ends hea vily on tec hnical subtleties

of syn tax for its solution (see [Gh96 ]).

Just as for ccc's, w e ma y in tro duce v arious 2-categories of biccc's (cf. [Cu93 ]). F or example

De�nition 2.27 The 2-category 2 � B iC ART

st

has 0-cells strict bicartesian closed categories,

1-cells functors preserving the structure on the nose, and 2-cells natural isomorphisms.

One ma y similarly de�ne a non-strict v ersion 2 � B iC ART .

Remark 2.28 Ev ery bicartesian closed category is equiv alen t to a strict one. Indeed, this is part

of a general 2-categorical adjoin tness b et w een the ab o v e 2-categories, from a theorem of Blac kw ell,

Kelly , and P o w er. (See

�

Cubri � c [Cu93 ] for applications to lam b da calculi.).

De�nition 2.29 In a biccc, de�ne Bo ole = 1 + 1, the t yp e of b o oleans.

B ool e 's most salien t feature is that it has t w o distinguished global elemen ts (b o olean v alues)

T ; F : 1 ! B ool e , corresp onding to the t w o injections in

1

; in

2

, together with the univ ersal prop ert y

of copro ducts. In S et w e in terpret B ool e as a set of cardinalit y 2; similarly , in t yp ed lam b da

calculus, it corresp onds to a t yp e with t w o distinguished constan ts T ; F : B ool e and an appropriate

notion of de�nition b y cases . In an y biccc, w e can de�ne all of the classical n -ary prop ositional

logic connectiv es as arro ws B ool e

n

! B ool e (see [LS86], I.8). A w eak er notion of b o oleans in the

category ! -CPO

?

is illustrated in Figure 4.

De�nition 2.30 A natur al numb ers obje ct in a ccc C is an ob ject N with arro ws 1

0

� ! N

S

� ! N

whic h is initial among diagrams of that shap e. That is, for an y ob ject A and arro ws 1

a

� ! A

h

� ! A ,

there is a unique iter ator I

ah

: N ! A making the follo wing diagram comm ute:

1

0

-

N

S

-

N

@

@

@

@

@

a

R

A

I

ah

?

h

-

A

I

ah

?

A we ak natur al numb ers obje ct is de�ned as ab o v e, but just assuming existence and not necessarily

uniqueness of I

ah

.
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?

=

?

�

f

@

@

�

�

�

t

N

?

=

?

�

0

�

1

H

H

H

H

@

@

�

�

!

!

!

!

!

!

�

2

� � � �

n

� � �

Figure 4: Flat Datat yp es in ! -CPO

?

In the category S et , the natural n um b ers ( N ; 0 ; S ) is a natural n um b ers ob ject, where S n = n + 1

. In functor categories S et

C

, a natural n um b ers ob ject is giv en b y the constan t functor K

N

, where

K

N

( A ) = N , and K

N

( f ) = id

N

, with ob vious natural transformations 1

0

� ! K

N

S

� ! K

N

. In

! - CPO there are n umerous we ak natural n um b ers ob jects: for example the 
at p ointe d natural

n um b ers N

?

= N ] f?g , ordered as follo ws: a � b i� a = b or a = ? , where S ( n ) = n + 1 and

S ( ? ) = ? , pictured in Figure 4.

Natural n um b ers ob jects|when they exist|are unique up to isomorphism; ho w ev er w eak ones

are far from unique. T ypical programming languages and t yp ed lam b da calculi in logic assume

only w eak natural n um b ers ob jects.

If a ccc C has a natural n um b ers ob ject N , w e can construct parametrized v ersions of iteration,

using pro ducts and exp onen tiation in C [LS86, F rSc ]. F or example, in S et : giv en functions g : A !

B and f : N � A � B ! B , there exists a unique primitive r e cursor R

g f

: N � A ! B satisfying: (i)

R

g f

(0 ; a ) = g ( a ) and R

g f

( S n; a ) = f ( n; a; R

g f

( n; a )) : These equations are easily represen ted in an y

ccc with N , or in the asso ciated t yp ed lam b da calculus (e.g. the n um b er n 2 N b eing iden ti�ed

with S

n

0). In the case C has only a w eak natural n um b ers ob ject, w e ma y pro v e the existence but

not necessarily the uniqueness of R

g f

.

An imp ortan t datat yp e in Computer Science is the t yp e of �nite lists of elemen ts of some t yp e

A . This is de�ned analogously to (w eak) natural n um b ers ob jects:

De�nition 2.31 Giv en an ob ject A in a ccc C , w e de�ne the ob ject `ist ( A ) of �nite lists on A

with the follo wing distinguished structure: arro ws nil : 1 ! `ist ( A ), cons : A � `ist ( A ) ! `ist ( A )

satisfying the follo wing (w eak) univ ersal prop ert y: for an y ob ject B and arro ws b : 1 ! B and

h : A � B ! B , there exists an \iterator" I

bh

: `ist ( A ) ! B satisfying (in the in ternal language):

I

bh

nil = b I

bh

cons h a; w i = h h a; I

bh

w i :

Here nil corresp onds to the empt y list, and cons tak es an elemen t of A and a list and concatenates

the elemen t on to the head of the list.

Analogously to (w eak) natural n um b ers ob jects N , w e can use pro duct t yp es and exp onen tiation

to extend iteration on `ist ( A ) to primitive r e cursion with p ar ameters (cf. [GL T], p. 92).

What n -ary n umerical S et functions are represen ted b y arro ws N

n

! N in a ccc? The answ er,

of course, dep ends on the ccc. In general, the b est w e could exp ect is the follo wing (cf. [LS86],

P art I I I, Section 2):

Prop osition 2.32 L et F

N

b e the fr e e c c c with we ak natur al numb ers obje ct. The class of numeric al

total functions r epr esentable ther ein is pr op erly c ontaine d b etwe en the primitive r e cursive and the

T uring-machine c omputable functions.

In general, suc h fast-gro wing functions as the Ac k ermann function are represen table in an y ccc

with w eak natural n um b ers ob ject (see [LS86]). Analogous results hold for symmetric monoidal

and monoidal closed categories, [PR89].

The question of str ong v ersus we ak datat yp es is of some in terest. F or example, although

w e can de�ne addition + : N � N ! N b y primitiv e recursion on a w eak natural n um b ers t yp e,

13



c ommutativity of addition follo ws from ha ving a strong natural n um b ers ob ject; a w eak parametrized

primitiv e recursor w ould only allo w us to deriv e x + n = n + x for eac h closed n umeral n but w e

cannot then extend this to variables (this is similar to consequences of G• odel's incompleteness

theorem, cf. [LS86], p. 263). Notice that, on the face of it, the de�nition of a natural n um b ers

ob ject app ears not to b e equational: informally , uniqueness of the arro w I

ah

requires an implic ation :

for al l f : N ! A (if f 0 = a and f S = hf ) then f = I

ah

.

Here w e remark on a curious observ ation of Lam b ek [L88 ]. Let us recall from univ ersal algebra

that a Mal'cev op erator on an algebra A is a function m

A

: A

3

! A satisfying m

A

xxz = z and

m

A

xz z = x . F or example, if A w ere a group, m

A

= xy

� 1

z is suc h an op erator. Similarly , the

de�nition of a Mal'cev op erator on an ob ject A mak es sense in an y ccc (e.g. as an arro w A

3

m

A

� ! A

satisfying some diagrams) or, equiv alen tly , in an y t yp ed lam b da calculus (e.g. as a closed term

m

A

: A

3

) A satisfying some equations) .

Theorem 2.33 (Lam b ek) L et C b e a c c c with we ak natur al numb ers ( N ; 0 ; S ) in which e ach obje ct

A has a Mal'c ev op er ator m

A

. Then the fact that ( N ; 0 ; S ) is a natur al numb ers obje ct is e quational ly

de�nable using the family f m

A

j A 2 C g . In p articular, if C = F

N

, the fr e e c c c with we ak natur al

numb ers obje ct, ther e ar e a �nite numb er of additional e quations (as schema) that, when adde d to

the original data, guar ante e that every typ e has a Mal'c ev op er ator and N is a natur al numb ers

obje ct.

2.4 P olymorphism

\The p erplexing sub ject of p olymorphism."

C. Darwin Life & L ett , 1887

Although Darwin w as sp eaking of biology , he migh t v ery w ell ha v e b een discussing computer

science 100 y ears later. Christopher Strac hey in the 1960's in tro duced v arious notions of p oly-

morphism in to programming language design (see [Rey83, Mit96 ]). P erhaps the most in
uen tial

w as his notion of p ar ametric p olymorphism . In tuitiv ely , a parametric p olymorphic function is one

whic h has a uniformly given algorithm at al l typ es . Imagine a \generic" algorithm capable of b eing

instan tiated at an y arbitrary t yp e, but whic h is the \same algorithm" at eac h t yp e instance. It is

this idea of the \pluralit y of form" whic h inspired the biological metaphor.

Example 2.34 (Rev erse) Consider a simple algorithm that tak es a �nite list and rev erses it.

Here \lists" could mean: lists of natural n um b ers, lists of reals, lists of arra ys, indeed lists of lists of

: : : . The p oin t is, the t yp es do not matter: w e ha v e a uniform algorithm for all t yp es. Let l ist ( � )

denote the t yp e of �nite lists of en tities of t yp e � .W e th us migh t t yp e this algorithm

r ev

�

: l ist ( � ) ) l ist ( � )

where r ev

�

( a

1

; � � � ; a

n

) = ( a

n

; � � � ; a

1

).

A second example, discussed b y Strac hey , is

Example 2.35 (Map-list) This algorithm b egins with a function of t yp e � ) � and a �nite � -

list, applies the function to eac h elemen t of the list, and then mak es a � -list of the subsequen t

v alues. W e migh t represen t it as:

map

�;�

: ( � ) � ) ) ( l ist ( � ) ) l ist ( � ))

where map

�;�

( f )( a

1

; � � � ; a

n

) = ( f ( a

1

) ; � � � ; f ( a

n

)).
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F ormulas A ::= v bl j A

1

) A

2

j 8 �:A

Pr ovability ` is a relation b et w een �nite sets of form ulas

and form ulas

� ` A if A 2 �

� [ f A g ` B

� ` A ) B

,

� ` A � ` A ) B

� [ � ` B

� ` A ( � )

� ` 8 �A ( � )

,

� ` 8 �A ( � )

� ` A [ B =� ]

where � 62 F V (�) for an y form ula B .

Figure 5: Second Order In tuitionistic Prop ositional Calculus

Man y recen t programming languages (e.g. ML, Ada) supp ort sophisticated uses of generic t yp es

and p olymorphism. The mathematical foundations of suc h languages w ere a ma jor c hallenge in the

past decade and category theory pla y ed a fundamen tal role. W e shall brie
y recall the issues.

2.4.1 Pol ymorphic lambd a calculi

The logician J-Y. Girard[Gi71 , Gi72] in a series of imp ortan t w orks examined higher-order logic

from the Curry-Ho w ard viewp oin t. He dev elop ed formal calculi of v ariable t yp es, the so-called

p olymorphic lam b da calculi, whic h corresp ond to pro ofs in higher-order logics. A t the same time

he dev elop ed the pro of theory of suc h systems . J. Reynolds[Rey74 ] indep enden tl y disco v ered the

second-order fragmen t of Girard's system, and prop osed it as a syn tax represen ting Strac hey's

parametric p olymorphism.

Let us brie
y examine Girard's System F , second order p olymorphic lam b da calculus. The

underlying logical system is in tuitionistic second order prop ositional calculus. The latter theory

is similar to ordinary prop ositional calculus, except w e can univ ersally quan tify o v er prop ositional

v ariables.

The syn tax of second order prop ositional calculus is presen ted in Figure 5.

The usual notions of free and b ound v ariables in form ulas are assumed. F or example, in

8 � ( � ) � ), � is a b ound v ariable, while � is free. A [ B =� ] denotes A with form ula B substi-

tuted for free � , c hanging b ound v ariables if necessary to a v oid clashes. Notice in the quan ti�er

rules that when w e instan tiate a univ ersally quan ti�ed form ula to obtain, sa y , � ` A [ B =� ], the

form ula B ma y b e of arbitrary logical complexit y . Th us inductiv e pro of tec hniques based on the

complexit y of subform ulas are not a v ailable in higher-order logic. This is the essence of the problem

of impr e dic ativity in p olymorphism.

W e no w in tro duce Girard's second order lam b da calculus. W e use the notation F V ( t ) and

B V ( t ) for the set of free and b ound v ariables of term t , resp ectiv ely . W e write F T V ( A ) and

B T V ( A ) for the set of free t yp e v ariables and b ound t yp e v ariables of form ula A , resp ectiv ely .

De�nition 2.36 (Girard's System F )

T yp es: F reely generated from t yp e v ariables �; � ; � � � b y the rules: if A; B are t yp es, so are A ) B

and 8 �:A .

T erms: F reely generated from v ariables x

A

i

of ev ery t yp e A b y
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(1) First-order lam b da calculus rules: if f : A ) B ; a : A; ' : B then f ` a : B and �

x : A

: ' :

A ) B .

(2) Sp eci�cally second-order rules:

(a) If t : A ( � ), then � �:t : 8 �A ( � ) where � 62 F T V ( F V ( t )),

(b) If t : 8 �A ( � ) then t [ B ] : A [ B =� ] for an y t yp e B .

Equations: Equalit y is the smallest congruence relation closed under � and � for b oth lam b das,

that is:

(3) ( �

x : A

:' )` a =

�

1
' [ a=x ] and �

x : A

( f ` x ) =

�

1
f , where x 62 F V ( f ).

(4) (� �:  )[ B ] =

�

2

 [ B =� ] and � �:t [ � ] =

�

2

t , where � 62 F T V ( t ).

Equations (3) are the �rst order � � equations, while equations (4) are second order � � .

F rom the Curry-Ho w ard viewp oin t, the t yp es of F are precisely the form ulas of second order

prop ositional calculus (Fig. 5), while terms denote pro ofs. F or example, to annotate second order

rules w e ha v e:

~ x : � ` t : A ( � )

~ x : � ` � �:t : 8 �A ( � )

;

~ x : � ` t : 8 �A ( � )

~x : � ` t [ B ] : A [ B =� ]

The � � equations of course express equalit y of pro of trees.

What ab out p olymorphism? Supp ose w e think of a term t : 8 �A ( � ) as an algorithm of t yp e

A ( � ) v arying uniformly o v er all t yp es � . Then t [ B ] : A [ B =� ] is the instan tiation of t at the sp eci�c

t yp e B . Moreo v er, B ma y b e arbitrarily complex. Th us the t yp e v ariable acts as a parameter.

In System F w e can in ternally represen t common inductiv e data t yp es within the syn tax as we ak

T -algebras, for co v arian t de�nable functors T . W eakness refers to the categorical fact that these

structures satisfy existence but not uniqueness of the mediating arro w in the univ ersal mapping

prop ert y . Th us, for an y t yp es A; B w e are able to de�ne the t yp es 1 ; N at ; List ( A ) ; A � B ; A +

B ; 9 �:A , etc. (see [GL T] for a full treatmen t) .

Let us giv e t w o examples and at the same time illustrate p olymorphic instan tiation.

Example 2.37 The t yp e of b o oleans is giv en b y

B ool e = 8 �: ( � ) ( � ) � ))

It has t w o distinguished elemen ts T ; F : B ool e giv en b y T = � �: �

x : �

: �

y : �

: x and F = � �: �

x : �

: �

y : �

: y ,

together with a De�nition by Cases op erator (for eac h t yp e A ) D

A

: A ) ( A ) ( B ool e ) A ) )

de�ned b y D

A

uv t = ( t [ A ]` u )` v where u; v : A , t : B ool e . One ma y easily v erify that D

A

uv T =

�

u

and D

A

uv F =

�

v . (where � stands for �

1

[ �

2

) .

Example 2.38 The t yp e of (Ch urc h) n umerals

N at = 8 � ( ( � ) � ) ) ( � ) � ) ) :

The n umeral n : N at corresp onds at eac h � to n -fold comp osition f 7! f

n

, where f

n

= f

o

f

o

� � �

o

f

( n times) and f

0

= I d

�

= �x

�

: x . F ormally , it is the closed term n = � �: �

f : � ) �

:f

n

: N at . Th us for

any t yp e B w e ha v e a uniform algorithm: n [ B ] = �

f : B ) B

:f

n

: ( B ) B ) ) ( B ) B ). Successor is

giv en b y S = �

n : N at

:n + 1, where n + 1 = � �:�

f : � ) �

: f

n +1

= � �: �

f : � ) �

: f

o

f

n

= � �: �

f : � ) �

f

o

( n [ � ]` f ).

Finally , iteration is giv en b y: if a : A; h : A ) A , I

ah

= �

x : N at

: ( x [ A ]` h )` a : N at ) A . The reader

ma y easily calculate that I

ah

0 =

�

a and I

ah

( n + 1) =

�

h `( I

ah

n ) for n umerals n .
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Let us illustrate impredicativit y in this situation. Recall the discussion of Ch urc h vs. Curry

t yping, Section 2.5.3. Notice that for an y t yp e B , n [ B ) B ]` n [ B ] mak es p erfectly go o d sense. In

particular, let B = N at , the t yp e of n itself. This is a w ell-de�ned term and if w e erase all its t yp es

w e obtain the untyp e d expression n ` n = �f : f

n

. This latter un t yp ed term is not t ypable in simply

t yp ed lam b da calculus.

F ormal systems describing far more p o w erful v ersions of p olymorphism ha v e b een dev elop ed.

F or example, Girard's thesis describ ed the t yp ed lam b da calculus corresp onding to ! -order in tu-

itionist t yp e theory , so-called F

!

. Programming in the v arious lev els of Girard's theories fF

n

g ,

n = 1 ; 2 ; � � � ; ! is describ ed in [PDM89 ]. Other systems include Co quand-Huet's Calculus of

Constructions and its extensions [Luo94]. These theories include not only Girard's F

!

but also

Martin-L• of 's dep enden t t yp e theories [H97a ]. Indeed, these theories are among the most p o w er-

ful logics kno wn, y et form the basis of v arious pro of-dev elopmen t systems (e.g. LEGO and Co q)

[LP92 , D

+

93].

2.4.2 Wha t is a Model of System F ?

The problem of �nding|and indeed de�ning precisely|a mo del of System F w as di�cult.

Cartesian closedness is not the issue. The problem, of course, is the univ ersal quan ti�er: clearly

in 8 �:A the � is to range o v er all the ob jects of the mo del, and at the same time 8 should b e

in terpreted as some kind of pro duct (o v er al l ob jects). Suc h \large" pro ducts create ha v o c, as

foreshado w ed in the follo wing theorem of F reyd (cf. [Mac71 ], Prop osition 3, p. 110)

Theorem 2.39 (F reyd) A smal l c ate gory which is smal l c omplete is a pr e or der.

Cartesian closed preorders (e.g. complete Heyting algebras) are of no in terest for mo delling pro ofs;

w e seek \non trivial" categories.

Supp ose instead w e try to de�ne a naiv e \set-theoretic" mo del of System F , in whic h � ; )

ha v e their usual meaning, and 8 � is in terpreted as a \large" pro duct. Suc h mo dels are de�ned in

detail in [RP, Pi87]. John Reynolds pro v ed the follo wing

Theorem 2.40 Ther e is no S et mo del for System F .

There is an elegan t categorical pro of in Reynolds and Plotkin [RP]. Let us sk etc h the pro of, whic h

applies to somewhat more general categories than S et .

Let C b e a category with an endofunctor T : C ! C . A T -algebr a is an ob ject A together with

an arro w T A

a

� ! A . A morphism of T-algebras is a comm utativ e square:

T A

T f

-

T B

A

a

?

f

-

B

b

?

An initial T -algebr a (resp. we akly initial T -algebr a ) is one for whic h there exists a unique morphism

(resp. there exists a morphism) to an y other T -algebra.

W e shall b e in terested in ob jects and arro ws of the mo del category C whic h are \de�nable",

i.e. denoted b y t yp es and terms of System F . There are simple co v arian t endofunctors T on C

whose action on ob jects is de�nable b y t yp es and whose actions on arro ws is de�nable b y terms (of

System F ). F or example, the iden tit y functor T ( � ) = � and the functor T ( � ) = ( � ) B ) ) B ,

for an y �xed B , ha v e this prop ert y .
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No w it ma y b e sho wn (see [RP]) that for an y de�nable functor T , the System F expression

P = 8 �: ( T ( � ) ) � ) ) � is a w eakly initial T -algebra . Supp ose the ambient mo del c ate gory C

has e qualizers of al l subsets of arr ows (e.g. S et has this prop ert y). Essen tially b y taking a large

equalizer (cf. the Solution Set Condition in F reyd's Adjoin t F unctor Theorem, [Mac71 ], p. 116) w e

could then construct a subalgebra of P whic h is an initial T -algebra. Call this initial T -algebra I .

W e then use the follo wing imp ortan t observ ation of Lam b ek :

Prop osition 2.41 (Lam b ek) If T ( I )

f

� ! I is an initial T -algebr a, then f is an isomorphism.

Applying this to the de�nable functor T ( � ) = ( � ) B ) ) B , w e observ e that T ( I )

�

=

I . In

particular, let C = S et and B = B ool e , and tak e the usual S et in terpretation of � as cartesian

pro duct and ) as the full function space. Notice car d ( B ) � 2 (since there are alw a ys the t w o

distinct closed terms T and F ). Hence w e obtain a bijection B

B

I

�

=

I , for some set I , whic h is

imp ossible for cardinalit y reasons. 2

The searc h for mo dels of System F led to some extraordinary phenomena that had considerable

in
uence in seman tics of programming languages. Let us just brie
y men tion the history . Notice

that the Reynolds-Plotkin pro of dep ends on a simple cardinalit y argumen t, whic h itself dep ends

on classical set theory . Similarly , the pro of of F reyd's result, Theorem 2.39, dep ends on using

classical (i.e. non-in tuitionistic ) logical reasoning in the metalanguage. This suggests that it is

really the non-constructiv e nature of the category Sets that is at fault; if w e w ere to w ork within a

non-classical univ erse|sa y within a mo del of in tuitionistic set theory|there is still a c hance that

w e could escap e the ab o v e problems but still ha v e a \set-theoretical" mo del of System F . And,

from one p oin t of view, that is exactly what happ ened.

These am bien t categories, called top oses [LS86, MM92 ], are in general mo dels of in tuitionistic

higher-order logic (or set-theory), and include suc h categories as functor categories and shea v es

on a top ological space, as w ell as Sets . Moggi suggested constructing mo dels of System F based

on an in ternally complete in ternal full sub category of a suitable am bien t top os. This am bien t

top os w ould serv e as our constructiv e set-theory , and function t yp es w ould still b e in terpreted as

the full \set-theoretical" space of total functions. M. Hyland [Hy88 ] pro v ed that the Realizabili t y

(or E�ectiv e) T op os had (non-trivial) suc h in ternal category ob jects. The di�cult dev elopmen t

and clari�cation of these in ternal mo dels w as undertak en b y man y researc hers, e.g. D. Scott,

M. Hyland, E. Robinson, P . Rosolini, A. Carb oni, P . F reyd, A. Scedro v,A. Pitts et. al. (e.g.

[HRR , Rob89, Ros90, CPS88, Pi87]).

In a separate dev elopmen t, R. Seely [See87] ga v e the �rst general categorical de�nition of a

so-called external mo del of System F , and more generally F

!

. The de�nition w as based on the

theory of indexe d or �br e d categories. This view of logic w as pioneered b y La wv ere[La w69 ] who

emphasized that quan ti�ers w ere in terpretable as adjoin t functors. Pitts[Pi87 ] clari�ed the relation-

ship b et w een Seely's mo dels and in ternal-category mo dels within am bien t top oses of preshea v es.

Moreo v er, he sho w ed that there are enough suc h in ternal mo dels for a Completeness Theorem. It

is w orth remarking that Pitts' w ork uses prop erties of Y oneda em b eddings. F or general exp ositions

see [AL91 ]. Extensions of \set-theoretical" mo dels to cases where function spaces include p artial

functions (i.e. non-termination) is in [RR90].

One can externalize these in ternal category mo dels [Hy88, AL91] to obtain ordinary categories.

And one suc h in ternal category in the Realizabili t y T op os, the mo dest sets , when externalized is

precisely the ccc category P er ( N ) discussed in Section 2.1.

Prop osition 2.42 P er ( N ) is a mo del of System F .

The idea is that in addition to the ccc structure of P er ( N ), w e in terpret 8 as a large in tersection

(the in tersection of an arbitrary family of p ers is again a p er ). W e shall return to this example in
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Section 3.2.

Ironically , in essence this mo del w as already in Girard's original Phd thesis [Gi72 ]. Later,

domain-theoretic mo dels of System F w ere considered b y Girard in [Gi86 ] and w ere instrumen tal

in his dev elopmen t of linear logic.

2.5 The Un t yp ed W orld

The adv an tages of t yp es in programming languages are familiar and w ell-do cumen ted (e.g. [Mit96 ]).

Nonetheless, there is an underlying untyp e d asp ect of computation, already going bac k to the ori-

ginal w ork on lam b da calculus and com binatory logic in the 1930's, whic h often underlies concrete

mac hine implemen tations. In this early view, dev elop ed b y Ch urc h, Curry , and Sc h• on�nk el, func-

tions w ere understo o d in the old-fashioned (pre-Can tor) sense of \rules", as a computational pro cess

of going from an argumen t to a v alue. Suc h a functional pro cess could tak e an ything, ev en itself,

as an argumen t. Let us just brie
y men tion some k ey directions (see [Bar84 , A GM ] ).

2.5.1 Models and Denot a tional Semantics

F rom the viewp oin t of ccc's, un t yp edness amoun ts to �nding a ccc C with an ob ject D 6

�

=

1 satisfying

the isomorphism

D

D

�

=

D(7)

Th us function spaces and elemen ts are \on the same lev el". It then mak es sense to de�ne formal

application f ` g for constan ts f ; g : D

D

b y f ` g = ev ( f ; ' ( g )), where ' : D

D

�

=

� ! D is the isomorphism

ab o v e. In particular, self-application f ` f mak es p erfectly go o d sense.

Dana Scott found the �rst seman tical (top ological ) mo dels of the un t yp ed lam b da calculus in

1970 [Sc72 ]; i.e. non-trivial solutions D to \equations" of the form (7) in v arious ccc's, p erhaps the

simplest b eing in ! - CPO . This w as part of his general in v estigations (with Christopher Strac hey)

in to the foundations of programming languages , culminating in the so-called Scott-Strac hey ap-

proac h to the seman tics of programming languages. Arguably , this has b een one of the ma jor

arenas in the use of category theory in Computer Science, with an enormous literature. F or an

in tro duction, see [AbJu94, Gun92, T en94].

More generally , one seeks to �nd non-trivial domains D satisfying certain so-called \recursiv e

domain equations", of the form

D

�

=

� � � D � � �(8)

where � � � D � � � is some expression built from t yp e constructors. The di�cult y is that the v ariable

D ma y app ear b oth co- and con tra v arian tly . Suc h recursiv e de�ning \equations" are used to sp ecify

the seman tics of n umerous notions in computer science, from datat yp es in functional programming

languages, to mo delling nondeterminism, concurrency , etc. (cf. also [DiCo95 ]).

The seminal early pap er on categorical solutions of domain equations is the pap er of Sm yth and

Plotkin [SP82 ]. More recen t w ork has fo cussed on Axiomatic and Syn thetic Domain Theory (e.g.

[AbJu94, FiPl96 , ReSt97]) and use of bisim ulations and relation-theoretic metho ds for reasoning

ab out recursiv e domains [Pi96a ]. These metho ds rely on fundamen tal w ork of P eter F reyd on

recursiv e t yp es (e.g [F re92 ]).

2.5.2 C-Monoids and Ca tegorical Combina tors

On a more algebraic lev el, a mo del of un t yp ed lam b da calculus is a ccc with (up to isomorphism)

one non-trivial ob ject. That is, a ccc C with an ob ject D 6

�

=

1 satisfying the domain equations:

D

�

=

D

D

�

=

D � D :(9)
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An example of suc h a D in ! - CPO is giv en in [LS86 ], using the constructions of D. Scott and

Sm yth-Plotkin men tioned ab o v e. An in teresting axiomatization of suc h D 's comes from simply

considering H om

C

( D ; D )

�

=

H om

C

(1 ; D

D

) as an abstract monoid. It turns out that the axioms are

easy to obtain: tak e the axioms of a ccc, remo v e the terminal ob ject, and er ase al l the typ es! . That

is (follo wing the treatmen t in [LS86 ], p. 93):

De�nition 2.43 A C-monoid (C for Curry , Ch urc h, Com binatory , or CCC) is a monoid ( M ;

o

; id )

together with extra structure structure ( �

1

; �

2

; "; ( � )

�

; h� ; �i ) where �

i

; " are elemen ts of M , ( � )

�

is a unary op eration on M , and h� ; �i is a binary op eration on M , satisfying un t yp ed v ersions of

the equations of a ccc (cf. Figure 1):

�

1

h a; b i = a

�

2

h a; b i = b

h �

1

c; �

2

c i = c

" h h

�

�

1

; �

2

i = h

( " h k �

1

; �

2

i )

�

= k .

for an y a; b; c; h; k 2 M (where w e elide the monoid op eration

o

).

C -monoids w ere �rst disco v ered indep enden tly b y D. Scott and J. Lam b ek around 1980. The

elemen tary algebraic theory and connections with un t yp ed lam b da calculus w ere dev elop ed in

[LS86] (and indep enden tly in [Cur93 ], where they w ere called c ate goric al c ombinators ). Ob viously

C -monoids form an equational class; th us, just lik e for general ccc's, w e ma y form free algebras,

p olynomial algebras, pro v e F unctional Completeness, etc. The asso ciated in ternal language is

untyp e d lamb da c alculus with p airing op er ators . As ab o v e, this language is obtained from simply

t yp ed lam b da calculus b y omitting the t yp e 1 and erasing all the t yp es from terms.

The rewriting theory of categorical com binators has b een discussed b y Curien, Hardin, et. al.

(e.g. see [Har93 ]). Categorical com binators form a particularly e�cien t mec hanism for implemen t-

ing functional languages; for example, the language CAML is a v ersion of the functional language

ML based on categorical com binators (see [Hu90], P art 1).

The deep est mathematical results to date on the c artesian fr agment of C -monoids w ere ob-

tained b y R. Statman [St96 ]. Statman c haracterizes the free cartesian monoid F (in terms of a

represen tation in to certain con tin uous shift op erators on Can tor space), as w ell as c haracterizing

the �nitely generated submonoids of F and the recursiv ely en umerable subsets of F . The latter

t w o results are based on pro jections of (suitably enco ded) uni�cation problems.

2.5.3 Chur ch vs Curr y Typing

The fundamen tal feature of the un t yp ed lam b da calculus is self-application. The � -rule �x: ' ( x )` a =

' [ a=x ] is no w totally unrestricted with resp ect to t yping constrain ts. This p ermits non-halting

computations: for example, the term 
 =

def

( �x: x ` x )`( �x: x ` x ) has no normal form and only � -

reduces to itself, while the �xed p oin t com binator Y =

def

�f : ( �x: f `( x ` x ))`( �x: f `( x ` x )) satis�es

f `( Y ` f ) =

� �

Y ` f , hence Y ` f is a �xed p oin t of f , for an y f . Hence w e immediately obtain: al l terms

of the untyp e d lamb da c alculus have a �xe d p oint .

Un t yp ed lam b da calculus suggests a di�eren t approac h to the t yp ed w orld: \t yping" un t yp ed

terms. The Ch urc h view (whic h w e ha v e adopted here) insists all terms b e explicitly t yp ed, starting

with the v ariables. On the other hand Curry , the founder of the related but older sub ject of

Com binatory Logic, had a di�eren t view: start with un t yp ed terms, but add \t yp e inference rules"

to algorithmically infer appropriate t yp es (when p ossible). Man y mo dern t yp ed programming

languages (e.g. ML) essen tially follo w this Curry view and use \t yping rules" to assign appropriate

t yp e sc hema to un t yp ed terms. This leads to the so-called T yp e Inference Problem: giv en an

explicitly t yp ed language L and t yp e erasure function L

E r ase

� ! U (where U is un t yp ed lam b da

20



calculus), decide if an un t yp ed term t satis�es t = E r ase ( M ) for some M 2 L . It turns out that a

problem of t yp e inference is essen tially equiv alen t to a so-called uni�cation problem, familiar from

Logic Programming (cf. [Mit96 ]). F ortunately in the case of ML and other t yp ed programming

languages there are kno wn t yp e inference algorithms; ho w ev er in general (e.g. for System F ; F

!

; � � � )

the problem is undecidable. T o the b est of our kno wledge, the Ch urc h-vs-Curry view of t yp ed

languages has not y et b een systematically analyzed categorically .

2.6 Logical Relations and Logical P erm utations

Logical relations pla y an imp ortan t role in the recen t pro of theory and seman tics of t yp ed lam b da

calculi [Mit96 , Plo80, St85 ]. Recall the notion of Henkin mo del (Section 2.1) as a sub ccc of Set .

De�nition 2.44 Giv en t w o Henkin mo dels A and B , a lo gic al r elation from A to B is a family of

binary relations R = f R

�

� A

�

� B

�

j � a t yp e g satisfying (w e write aR

�

b for ( a; b ) 2 R

�

) :

1. � R

1

�

2. ( a; a

0

) R

� � �

( b; b

0

) if and only if aR

�

b and a

0

R

�

b

0

, for an y ( a; a

0

) 2 A

� � �

; ( b; b

0

) 2 B

� � �

, i.e.

or der e d p airs ar e r elate d exactly when their c omp onents ar e.

3. F or an y f 2 A

� ) �

, g 2 B

� ) �

, f R

� ) �

g if and only if for all a 2 A

�

; b 2 B

�

( aR

�

b implies f a R

�

g b ), i.e. functions ar e r elate d when they map r elate d inputs to r elate d

outputs.

F or eac h (atomic) base t yp e b , �x a binary relation R

b

� A

b

� B

b

. Then: there is a smallest family

of binary relations R = f R

�

� A

�

� B

�

j � a t yp e g de�ned inductiv ely from the R

b

's b y 1,2,3

ab o v e. That is, an y prop ert y (relation) at base-t yp es can b e inductiv ely lifted to a family R at all

higher t yp es, satisfying 1, 2, 3 ab o v e. W e write a R b to denote aR

�

b for some � . If A = B and R

is a logical relation from A to itself, w e sa y an elemen t a 2 A is invariant under R if a R a .

The fundamen tal prop ert y of logical relations is the Soundness Theorem [Mit96 , St85 ]. Let

~ x : � ` M : � denote that M is a term of t yp e � with free v ariables ~x in con text �. Consider

Henkin mo dels A with �

A

an assignmen t function, assigning v ariables to elemen ts in A . Let M

�

A

denote the meaning of term M in mo del A w.r.t. the giv en v ariable assignmen t (follo wing [Mit96 ],

w e only consider assignmen ts � suc h that �

A

( x

i

) 2 A

�

if x

i

: � 2 �). The follo wing is pro v ed b y

induction on the form of M :

Theorem 2.45 (Soundness) L et R � A � B b e a lo gic al r elation b etwe en Henkin mo dels

A ; B . L et ~ x : � ` M : � . Supp ose assignments �

A

; �

B

of the variables ar e r elate d, i.e. for al l

x

i

; R ( �

A

( x

i

) ; �

B

( x

i

)) . Then R ( M

�

A

; M

�

B

) .

In p articular, if A = B and M is a close d term (i.e. c ontains no fr e e variables), its me aning

M in a mo del A is invariant under al l lo gic al r elations. This holds also for languages which have

c onstants at b ase typ es, by assuming c is invariant, for al l such c onstants c .

This result has b een used b y Plotkin, Statman, Sieb er , et. al [Plo80, Sie92 , St85 ] to sho w

certain elemen ts (of mo dels) are not lam b da de�nable: it su�ces to �nd some logical relation on

A for whic h the elemen t in question is not in v arian t.

There is no reason to restrict ourselv es to binary logical relations: one ma y sp eak of n -ary

logical relations, whic h relate n Henkin mo dels [St85 ]. Indeed, since Henkin mo dels are closed

under pro ducts, it su�ces to consider unary logical relations, kno wn as lo gic al pr e dic ates .

Example 2.46 (Hereditary P erm utations) Consider a Henkin mo del A , with a sp eci�ed p er-

m utation �

b

: A

b

! A

b

at eac h base t yp e b . W e extend � to all t yp es as follo ws: (i) on pro duct

t yp es w e extend comp onen t wise: �

� � �

= �

�

� �

�

: A

� � �

! A

� � �

; (ii) on function spaces, extend

21



b y conjugation: �

� ) �

( f ) = �

�

o

f

o

�

� 1

�

, where f 2 A

� ) �

. W e build a logical relation R on A b y

letting R

�

= the graph of p erm utation �

�

: A

�

! A

�

, i.e. R

�

( a; b ) , �

�

( a ) = b . Mem b ers of R

will b e called her e ditary p ermutations. R� in v arian t elemen ts a 2 A

�

are simply �xed p oin ts of the

p erm utation: �

�

( a ) = a .

Hereditary p erm utations and in v arian t elemen ts also arise categorically b y in terpretation in to

S et

Z

:

Prop osition 2.47 The c ate gory S et

Z

of (left) Z -sets is e quivalent to the c ate gory whose obje cts ar e

sets e quipp e d with a p ermutation and whose maps (= e quivariant maps) ar e functions c ommuting

with the distinguishe d p ermutations. Invariant elements of A ar e arr ows 1 ! A 2 S et

Z

:

Alas, S et

Z

is not a Henkin mo del (1 is not a generator). In the next section w e shall sligh tly

generalize the notion of logical relation to w ork on a larger class of structures.

2.6.1 Logical Rela tions and Synt ax

Logical predicates (also called c omputability pr e dic ates ) originally arose in pro of theory as a

tec hnique for pro ving normalization and other syn tactical prop erties of t yp ed lam b da calculi

[LS86, GL T]. Later, Plotkin, Statman, and Mitc hell [Plo80, St85 , Mit96] constructed logical re-

lations on v arious kinds of structures more general than Henkin mo dels. F ollo wing Statman and

Mitc hell, w e extend the notion of logical relation to certain applic ative typ e d structur es A for whic h

(i) appropriate meaning functions on the syn tax of t yp ed lam b da calculus, M

�

A

, are w ell-de�ned,

and (ii) all logical relations R are (in a suitable sense) congruence relations with resp ect to the syn-

tax. This guaran tees that the meanings of lam b da abstraction and application b eha v e appropriately

under these logical relations. F ollo wing [Mit96 , St85 ] w e call them admissible logical relations.

The Soundness Theorem still holds in this more general setting, no w using admissible logical

relations on applicativ e t yp ed structures (see [Mit96 ], Lemma 8.2.10).

Example 2.48 Let A b e the hereditary p erm utations in Example 2.46. Consider a free simply

t yp ed lam b da calculus, without constan ts. Then as a corollary of Soundness w e ha v e: the me aning

of any close d term M is invariant under al l her e ditary p ermutations . This conclusion is itself a

consequence of the univ ersal prop ert y of free cartesian closed categories when in terpreted in S et

Z

(cf. Corollary 2.22 and L• auc hli's Theorem 5.4).

Remark 2.49 The rewriting theory of lam b da calculi is a protot yp e for Op erational Seman tics

of man y programming languages (recall the discussion after the � -rule, Corollary 2.11). See also

Section 2.8.1 b elo w on PCF. Logical Predicates (so-called c omputability pr e dic ates ) w ere �rst in tro-

duced to pro v e strong normalization for simply t yp ed lam b da calculi (with natural n um b ers t yp es)

b y W. T ait in the 1960's. Highly sophisticated computabilit y predicates for p olymorphically t yp ed

systems lik e F and F

!

w ere �rst in tro duced b y Girard in his thesis [Gi71, Gi72]. F or a partic-

ularly clear presen tation, see his b o ok [GL T]. These tec hniques w ere later revisited b y Statman

and Mitc hell{using more general logical relations{to also pro v e Ch urc h-Rosser and a host of other

syn tactic and seman tic results for suc h calculi (see [Mit96 ]).

F or general categorical treatmen ts of logical relations, see [Mit96 , MitSce, MaRey] and references

there. Uses of logical relations in op erational seman tics of t yp ed lam b da calculi are co v ered in

[A C98 , Mit96 ]. A categorical theory of logical relations applied to data re�nemen t is in [K OPTT].

Use of op erationally-based logical relations in programming language seman tics is in [Pi96b, Pi97].

F or tec hniques of categorical rewriting applied to lam b da calculus, see [JGh95].
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2.7 Example 1: Reduction-F ree Normalization

The op erational seman tics of � -calculi ha v e traditionally b een based on rewriting theory or pro of

theory , e.g. normalization or cut-elimination, Ch urc h-Rosser, etc. More recen tly , Berger and

Sc h wic h ten b erg [BS91 ] ga v e a mo del-theoretic extraction of normal forms{a kind of \in v erting"

of the canonical set-theoretic in terpretation used in F riedman's Completeness Theorem (cf. 5.2

b elo w).

In this section w e sk etc h the use of categorical metho ds (essen tially from Y oneda's Lemma,

cf. Theorem 5.1) to obtain the Berger-Sc h wic h ten b erg analysis. A �rst v ersion of this tec hnique

w as dev elop ed b y Altenkirc h, Ho�man, and Streic her [AHS95 , AHS96]. The analysis giv en here

comes from the article [CDS97 ], whic h also men tions in triguing analogues to the Jo y al-Gordon-

P o w er-Street tec hniques for pro ving coherence in v arious structured (bi-)categories. The essen tial

idea common to these coherence theorems is to use a v ersion of Y oneda's lemma to em b ed in to a

\stricter" presheaf category .

T o actually extract a normalization algorithm from these observ ations requires us to construct-

iv ely rein terpret the categorical setting in P Set , as explained b elo w. This leads to a non-trivial

example of program extraction from a structured pro of, in a manner adv o cated b y Martin-L• of and

his sc ho ol [ML82 , Dy95 , H97a , CD97 ] The reader is referred to [CDS97 ] for the �ne details of the

pro of.

In a certain sense, the results sk etc hed b elo w are \dual" to Lam b ek's original goal of categorical

pro of theory [L68 , L69], in whic h he used cut-elimination to study categorical coherence problems.

Here, w e use a metho d inspired from categorical coherence pro ofs to normalize simply t yp ed lam b da

terms (and th us in tuitionistic pro ofs.)

2.7.1 Ca tegorical Normal F orms

Let L b e a language, T the set of L -terms and � a congruence relation on T . One w a y to decide

whether t w o terms are � -congruen t is to �nd an abstr act normal form function , i.e. a computable

function nf : T ! T satisfying the follo wing conditions for some (�ner) congruence relation � :

NF1 nf ( f ) � f

NF2 f � g ) nf ( f ) � nf ( g )

NF3 � � �

NF4 � is decidable.

F rom (NF1), (NF2) and (NF3) w e see that f � g , nf ( f ) � nf ( g ). This clearly p ermits a decision

pro cedure: to decide if t w o terms are � -related, compute nf of eac h one, and see if they are �

related, using (NF4). The normal form function nf essen tially \reduces" the decision problem of

� to that of � . This view is inspired from [CD97 ].

Here w e let L b e t yp ed lam b da calculus, T the set of � -terms, � b e � � -con v ersion, and �

b e � -congruence. Let us see heuristically ho w category theory can b e used to giv e simply t yp ed

� -calculus a normal form function nf .

Recall 2.22 that � -terms mo dulo � � -con v ersion �

� �

determine the free ccc F

X

on the set of

sorts (atoms) X .

2

By the univ ersal prop ert y 2.22, for an y ccc C and an y in terpretation of the

atoms X in ob ( C ), there is a unique (up to iso) ccc-functor � : F

X

! C freely extending this

in terpretation. Let C b e the presheaf category S et

F

X

op

. There are t w o ob vious ccc-functors: (i) the

Y oneda em b edding Y : F

X

! S et

F

X

op

(cf. 5.1) and (ii) if w e in terpret the atoms b y Y oneda, there

2

W e actually use the free ccc of sequences of � -terms as de�ned b y Pitts [Pi9? ]
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is also the free extension to the ccc-functor � : F

X

! S et

F

X

op

. By the univ ersal prop ert y , there

is a natural isomorphism q : Y ! � . By the Y oneda lemma w e shall in v ert the in terpretation

� on eac h hom-set, according to the follo wing comm utativ e diagram

F

X

( A; B )

-

Y

�

A

(1

A

) q

B

o

�

o

q

� 1

A

S et

F

op

X

( A ; B )

S et

F

op

X

( Y A; Y B )

�

S

S

S

S

Sw

S

S

S

S

So

�

�

�

�

�/

That is, for an y f 2 F

X

( A; B ), w e obtain natural transformations Y A

q

� 1

A

� ! A

f

� ! B

q

B

� ! Y B .

Then ev aluating these transformations at A giv es the Set functions: F

X

( A; A )

q

� 1

A;A

� ! A A

f

A

� !

B A

q

B ;A

� ! F

X

( A; B ). Hence starting with 1

A

2 F

X

( A; A ), w e can de�ne an nf function b y:

nf ( f ) =

def

q

B ;A

( f

A

( q

� 1

A;A

(1

A

)))(10)

Clearly nf ( f ) 2 F

X

( A; B ). But, alas, b y Y oneda's Lemma, nf ( f ) = f ! Indeed, this is just a

restatemen t of part of the Y oneda isomorphism. But all is not lost: recall NF1 sa ys nf ( f ) � f .

This suggests w e should rein terpret the en tire categorical argumen t, including the use of functor

categories and Y oneda's Lemma, in a setting where \=" b ecomes \ � ", a (partial) equiv alence

relation. Diagrams whic h previously comm uted no w should comm ute \up to � ".

This viewp oin t has a long history in constructiv e mathematics, where it is common to use sets

( X ; � ) equipp ed with explicit equiv alence relations in place of quotien ts X= � (b ecause of problems

with the Axiom of Choice). Th us, along with sp ecifying elemen ts of a set, one m ust also sa y what

it means for t w o elemen ts to b e \equal" (see [Bee85]).

2.7.2 P -ca tegor y theor y and normaliza tion algorithms

Motiv ated b y enric hed category theory [K82 , Bor94 ], this view leads to the setting of P -c ate gory

the ory in [CDS97 ]. In P -category theory (i) hom-sets are P Sets , i.e. sets equipp ed with a partial

equiv alence relation (p er) � , (ii) all op erations on arro ws are P Set maps, i.e. preserv e � , (iii) func-

tors are � -v ersions of enric hed functors, (iv) P -functor categories and P -natural transformations

are � -v ersions of appropriate enric hed structure, etc. One then pro v es a P -v ersion of Y oneda's

lemma. In essence, P -category theory is the dev elopmen t of ordinary (enric hed) category theory in

a constructiv e setting, where equalit y of arro ws is systematically replaced b y explicit p ers, making

sure ev ery op eration on arro ws is a congruence with resp ect to the giv en p ers. F or an example, see

Figure 6.

No w consider the free ccc ( F

X

; � ) as a P -category , where the arro ws are actually sequences of

� -terms and the p er � on arro ws is � � -equalit y =

� �

. Analogously to the ab o v e, freeness in the

P -setting yields a unique P -ccc functor

� : ( F

X

; � ) ! P S et

( F

X

; � )

op

where atoms X 2 X are in terpreted b y P -Y oneda, i.e. as H om

( F

X

; � )

( � ; X ). Just as in the ordinary

case, the P -Y oneda functor Y is a P -ccc functor, so w e ha v e a P -natural isomorphism q : � ! Y

of P -ccc P -functors:
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P -Pr o ducts

� c � c for an y constan t c 2 f !

A

; �

1

; �

2

g ,

� f � f

0

for an y f ; f

0

: A ! 1,

� f

i

� g

i

implies h f

1

; f

2

i � h g

1

; g

2

i , �

i

h f

1

; f

2

i � f

i

where f

i

; g

i

: C ! A

i

,

� h �

1

k ; �

2

k i � k , for k : C ! A

1

� A

2

P -Exp onentials

� ev � ev for B

A

� A

ev

� ! B ,

� h � h

0

implies h

�

� h

0�

: C ! B

A

, where h; h

0

: C � A ! B

� h � h

0

implies ev h h

�

�

1

; �

2

i � h

0

,

� l � l

0

implies ( ev h l �

1

; �

2

i )

�

� l

0

: C ! B

A

.

P -F unctor

� f � f

0

implies F f � F f

0

for all f ; f

0

,

� f � f

0

, g � g

0

implies F ( g f ) � F g

0

F f

0

for all comp osable f ; g and f

0

; g

0

,

� F ( id

A

) � id

F ( A )

,

� Sp eci�ed P -isomorphisms 1

�

=

� ! F 1, F A � F B

�

=

� ! F ( A � B ),

( F B )

F A

�

=

� ! F ( B

A

)

Figure 6: P -ccc's and P -ccc F unctors

( F

X

; � ) P Set

( F

X

; � )

op

q # " q

� 1

�

Y

-

-

In this setting nf as de�ned b y Equation (10) will b e a p er-preserving function on terms themselves

and not just on � � -equiv alence classes of terms (recall that, classically , a free ccc has for its arro ws

equiv alence classes of terms mo dulo the appropriate equations). Arguing as b efore, but no w using

the P -Y oneda isomorphism, it follo ws immediately that nf is an identity P -function . But this

means nf ( f ) � f , whic h is precisely the statemen t of NF1. Moreo v er, the part of P -category

theory that w e use is constructiv e in the sense that all functions w e construct are algorithms.

Therefore nf is computable.

It remains to pro v e NF2: f � g ) nf ( f ) � nf ( g ) : This is the most subtle p oin t. Here to o the

P -v ersion of a general categorical fact will help us (cf 2.4): the P -presheaf category P Set

C

op

is a

P -ccc for an y P -category C . In particular, let C b e the P -category ( F

X

; � ) of sequences of � -terms

up to \c hange of b ound v ariable" � . This is a trivially decidable equiv alence relation on terms

(called � -c ongruenc e in the literature) and ob viously � � =

� �

. Note that this P -category has the

same ob jects and arro ws as ( F

X

; � ), but the p ers on arro ws are di�eren t.

By the freeness of ( F

X

; � ), w e ha v e another in terpretation P -functor

�

�

: ( F

X

; � ) ! P Set

( F

X

; � )

op

where w e in terpret atoms X 2 X b y the P -presheaf H om

( F

X

; � )

( � ; X ). The k ey fact is that this

P -functor �

�

has exactly the same set-theoretic e�ect on ob jects and arro ws as � . That is,

one pro v es b y induction:

Lemma 2.50 F or al l obje cts C and arr ows f in ( F

X

; � ) , j C j = j C

�

j and similarly j f j =

j f

�

j , wher e j � j me ans taking the underlying set-the or etic structur e.
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Hence, w e can conclude that f � g implies f � g (here � refers to the p er on arro ws in

P S et

( F

X

; � )

op

). W e can sho w that q

B

and q

� 1

B

are � -natural, in particular q

B ;A

and q

� 1

B ;A

preserv e

� . It then follo ws that nf ( f ) � nf ( g ), as desired.

Remark 2.51

(i) The normal forms obtained b y this metho d can b e sho wn to coincide with the so-called long

� � normal forms used in lam b da calculus [CDS97 ].

(ii) The direct inductiv e pro ofs used ab o v e corresp ond more naturally to a more-in v olv ed bicat-

egorical de�nition of freeness ([CDS97 ], Remark 3.17).

Finally , in [CDS97 ] it is sho wn ho w to apply the metho d to the w ord problem for t yp ed � -

calculi with additional axioms and op erations, i.e. to freely-generated ccc's mo dulo certain theories.

This emplo ys appropriate free P -ccc's (o v er a P -category , a P -cartesian category , etc.) These are

generated b y v arious notions of � -theory , whic h are determined not only b y a set of atomic t yp es,

but also b y a set of basic t yp ed constan ts as w ell as a set of equations b et w een terms. Although the

Y oneda metho ds alw a ys yield an algorithm nf it do es not necessarily satisfy NF4 (the decidabili t y

of � ). What is obtained in these cases is a reduction of the w ord problems for suc h free ccc's to

those of the underlying generating categories.

2.8 Example 2: PCF

The language PCF, due to Dana Scott in 1969, has deeply in
uenced recen t programming language

theory . Muc h of this in
uence arises from seminal w ork of Gordon Plotkin in the 1970's on op era-

tional and denotational seman tics for PCF. W e shall brie
y outline the syn tax and basic seman tical

issues of the language follo wing from Plotkin's w ork. W e follo w the treatmen t in [A C98 , Sie92 ],

although the original pap er ( [Plo77] ) is highly recommended.

2.8.1 PCF

The language PCF is an explicitly t yp ed lam b da calculus with the follo wing structure:

T yp es : Generated from nat; bool e b y ) .

Lam b da T erms : generated from t yp ed v ariables using the follo wing sp eci�ed constan ts:

n : nat , for eac h n 2 N

T : bool e

F : bool e

succ : nat ) nat

pr ed : nat ) nat

z er o ? : nat ) bool e

cond

nat

: bool e ) ( nat ) ( nat ) nat ))

cond

boole

: bool e ) ( bool e ) ( bool e ) bool e ))

?

�

: �

Y

�

: ( � ) � ) ) � .

Cate goric al Mo dels

The standar d mo del of PCF is de�ned in the ccc ! -CPO

?

as follo ws: in terpret the base t yp es as

in Figure 4: nat = N

?

; bool e = B

?

; � ) � = � ) � (= function space in ! -CPO).

In terpret constan ts as follo ws (for clarit y , w e omit writing � ): succ; pr ed : N at

?

! N at

?

,

z er o ? : N at

?

! B

?

, cond

�

: bool e � �

2

! � , � 2 f nat; bool e g ( cond is for c onditional , sometimes

called if then el se ), T = t , F = f ; n = n ,
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( �x: ' )` a ! ' [ a=x ]

Y ` f ! f `( Y ` f )

succ ` n ! n + 1

pr ed `( n + 1 ) ! n

z er o ?`(0) ! t

z er o ?`( n + 1) ! f

cond tab ! a

cond f ab ! b

f ! g

f ` a ! g ` a

f ! g

u ` f ! u ` g

where u 2 f succ; pr ed; z er o ? g

f ! g

cond f ab ! cond g ab where cond xy z = (( cond ` x )` y )` z

Figure 7: Op erational Seman tics for PCF

succ ( x ) =

(

x + 1 if x 6= ?

? if x = ?

pr ed ( x ) =

(

x � 1 if x 6= ? ; 0

? else

z er o ?( x ) =

8

>

<

>

:

t if x = 0

f if x 6= 0 ; ?

? if x = ?

cond

�

( p; y ; z ) =

8

>

<

>

:

y if p = t

z if p = f

? if p = ?

?

�

is the least elemen t of � (denoting \non-

termination" or \div ergen t").

Y

�

is the least �xed p oin t op erator

Y

�

( f ) =

W

f f

n

( ?

�

) j n � 0 g (see Example 3.5).

More generally , a standar d mo del of PCF is an ! -CPO-enric hed ccc C , in whic h eac h homset C ( A; B )

has a smallest elemen t ?

AB

: A ! B with the follo wing prop erties: (i) pairing and currying are

monotonic, (ii) ?

o

f = f and ev

o

h? ; f i = ? for all f of appropriate t yp e, (iii) there are ob jects nat

and bool e whose sets of global elemen ts satisfy C (1 ; nat )

�

=

N

?

and C (1 ; bool e )

�

=

B

?

and in whic h

the constan ts are all in terpreted in the in ternal language of C as in the standard mo del ab o v e (e.g.

in terpreting succ ( x ) b y ev

o

h succ; x i , etc.). A mo del is or der-extensional if 1 is a generator and the

order on hom-sets coincides with the p oin t wise ordering.

The op erational seman tics of PCF is giv en b y a set of rewriting rules, displa y ed in Figure 7.

This is in tended to describ e the dynamic ev aluation of a term, as a sequence of 1-step transitions.

The �xed-p oin t com binator Y guaran tees some computations ma y not terminate. It is imp ortan t

to emphasize that in op erational seman tics with partially-de�ned (i.e. p ossibly non-terminating)

computations, di�eren t orders of ev aluation (e.g. left-most outermost vs innermost) ma y lead to

non-termination in some cases and ma y also e�ect e�ciency , etc. (See [Mit96 ], Chapter 2). W e

ha v e c hosen a simple op erational seman tics for PCF, giv en b y a deterministic ev aluation relation,

follo wing [A C98 ].

2.8.2 Adequa cy

A PCF pr o gr am is a closed term of base t yp e (i.e. either nat or bool e ). The observable b ehaviour

of a PCF program P : nat is the set B eh ( P ) = f n 2 N j P

�

� ! n g , and similarly for P : bool e .

The set B eh ( P ) is either empt y if P div erges or a singleton if P con v erges to a (necessarily unique)

normal form. The follo wing theorem is pro v ed using a logical relations argumen t.
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Theorem 2.52 (Computational Adequacy) L et C b e any standar d mo del of PCF. Then for al l

pr o gr ams P : nat and n 2 N ,

P

�

� ! n i� P = n

and similarly for P : bool e . Henc e P = Q i� their sets of b ehaviours ar e e qual.

W e are in terested in a notion of \observ ational equiv alence" arising from the op erational se-

man tics. A program (a closed term of base t yp e) can b e observ ed to con v erge to a sp eci�c n umeral

or b o olean v alue. More generally , what can w e observ e ab out arbitrary terms of an y t yp e? The idea

is to plug them in to arbitrary program co de, and observ e the b eha viour. More precisely , a pr o gr am

c ontext C [ � ] is a program with a hole in it (the hole has a sp eci�ed t yp e) whic h is suc h that if

w e formally plug a PCF term M in to (the hole of ) C [ � ] (w e don't care ab out p ossible clashes of

b ound v ariables) w e obtain a program C [ M ]. W e are lo oking at the con v ergence b eha viour (with

resp ect to the op erational seman tics) of the resulting program. (cf. [A C98 ]).

De�nition 2.53 Tw o PCF terms M ; N of the same t yp e are observational ly e quivalent (denoted

M � N ) i� B eh ( C [ M ]) = B eh ( C [ N ]) for ev ery program con text C [ � ].

That is, M � N means that for all program con texts C [ � ], C [ M ]

�

� ! c i� C [ N ]

�

� ! c (for

c either a b o olean v alue or a n umeral). Th us, b y the previous Theorem, M � N i� C [ M ] =

C [ N ] . In order to pro v e observ ational equiv alence of t w o PCF terms, R. Milner sho w ed it su�ces

to pic k applic ative c ontexts , i.e.

Lemma 2.54 (Milner) Two close d PCF expr essions M ; N : �

1

) ( �

2

) � � � ( � � � ( �

n

) nat ) � � � )

ar e observational ly e quivalent i� M P

1

: : : P

n

= N P

1

: : : P

n

for al l close d P

i

: �

i

, 1 � i � n .

Finally , the main de�nition of the sub ject is:

De�nition 2.55 (F ull Abstraction) A mo del is called ful ly abstr act if observ ational equiv alence

coincides with denotational equalit y in the mo del, i.e. for an y t w o PCF terms M ; N

M � N i� M = N

Whic h mo dels are fully abstract? There are t w o main theorems, due to Milner and Plotkin.

First w e in tro duce the \parallel-or" function por : B

?

� B

?

! B

?

on the standard mo del of PCF:

por ( a; b ) =

8

>

<

>

:

t if a = t or b = t

f if a = b = f

? else

Theorem 2.56 (Plotkin)

� por is not de�nable in PCF.

� The standar d mo del is not ful ly abstr act.

� The standar d mo del is ful ly abstr act for the language PCF + por .

The pro of of the �rst t w o parts of the theorem use logical relations ([Sie92, A C98 , Gun92]) . In

1977, R. Milner pro v ed the follo wing [Mil77]:

Theorem 2.57 (Milner) Ther e is a unique (up to isomorphism) ful ly abstr act or der-extensional

mo del of PCF.
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Milner's construction is syn tactical, so the question b ecame: �nd a more \ mathematical" (i.e.

not explicitly syn tactical) c haracterization of the unique fully abstract mo del. This is related to the

F ull Completeness Problems discussed in Section 5.2. A satisfying solution to the F ull Abstraction

Problem for PCF w as recen tly giv en b y S. Abramsky , R. Jagadeesan, and P . Malacaria and also M.

Hyland and L. Ong who use v arious monoidal categories of games. This has recen tly led to highly

activ e sub ject of games semantics for programming languages (see Section 4.3.2 and the articles

men tioned there).

3 P arametricit y

What is parametricit y in p olymorphism? W e ha v e already seen suc h notions as

� Uniformit y of algorithms across t yp es.

� P assing t yp es as parameters in programs.

But the problem is that a t yp e lik e 8 � ( � ) � ), when in terpreted in a mo del as a large pro duct o v er

all t yp es, ma y con tain in Strac hey's w ords unin tended ad ho c elemen ts. In addition to remo ving

some en tities, w e ma y wish to include y et others. F or example, should w e consider closure of

parametric functions under isomorphism of t yp es?

W e ha v e already men tioned the idea of t yp es b eing functors, in Section 2.4.2. Indeed, this

suggests an ob vious kind of mo delling

� T yp es = functors

� T erms (programs) = natural transformations

all de�ned o v er some ccc C . This view of categorical program seman tics has had a fruitful history .

Reynolds, Oles, and later O'Hearn and T ennen t ha v e used functor categories to dev elop seman tics of

lo cal v ariables, blo c k structure, non-in terference, etc. in Algol-lik e languages (see [OHT92, T en94]

and references there ).

In the case of p olymorphism this is also not suc h a far-fetc hed idea. Imagine a term t : 8 �:� ) � .

W e kno w that for eac h t yp e A , t [ A ] : A ) A . Th us, from our Curry-Ho w ard viewp oin t, w e think

of this as an ob ject-indexed family of arro ws. Com bining this idea with the mild parametricit y

condition of natur ality then seems reasonable. In the mid 1980's, Girard ga v e functor category

mo dels of System F [Gi86]. Ho w ev er to handle the functorial problem of co/con tra v ariance in an

exression lik e � ) � (or w orse, in � ) � , whic h is not a functor at all) he in tro duced categories of

em b edding-pro jection pairs (as in domain theory , Section 2.5). Belo w w e shall consider dinaturalit y ,

a m ultiv arian t notion of naturalit y whic h tak es in to accoun t suc h problems.

Reynolds[Rey83 ] also prop osed an analysis of parametricit y using the notion of lo gic al r elations ,

a fundamen tal to ol in the theory of t yp ed lam b da calculi. The pap er [BFSS90] studied the ab o v e

t w o framew orks for parametricit y: Reynolds' relational approac h and the dinaturalit y approac h.

This w ork w as extended and formalized in [A CC93 , BA C95, PlAb93].

3.1 Dinaturalit y

One attempt to understand parametric p olymorphism is to require certain natur ality conditions on

families in terpreting univ ersal t yp es. In this view w e b egin with some appropriate ccc C of v alues

and in terpret p olymorphic t yp e expressions A ( �

1

; : : : ; �

n

) , with t yp e v ariables �

i

, as certain kinds

of m ultiv arian t \de�nable" functors F : ( C

op

)

n

� C

n

� ! C . T erms or programs t are then in terpreted

as certain m ultiv arian t (= dinatur al ) transformations b et w een (the in terpretations of ) the t yp es.

W e need to accoun t for naturalit y not only in p ositiv e (co v arian t) p ositions, but also in negativ e

(con tra v arian t) ones. As w e shall see, the di�cult y will b e comp ositionalit y .
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De�nition 3.1 Let C b e a category , and F ; G : ( C

op

)

n

� C

n

! C functors. A dinatur al tr ansform-

ation � : F ! G is a family of C -morphisms � = f �

A

: F AA ! GAA j A 2 C

n

g satisfying (for an y

n -tuple f : A ! B 2 C

n

):

F AA

�

A

-

GAA

�

�

�
F f A

� @

@

@

GAf

R

F B A GAB

@

@

@

F B f

R �

�

�

Gf B

�

F B B

�

B

-

GB B

F or a history of this notion, see [Mac71 ]. Dinatural transformations include ordinary natural trans-

formations as a sp ecial case (e.g. construe co v arian t F ; G as bifunctors, dumm y in the con tra v arian t

v ariable), as w ell as transformations b et w een co- and con tra v arian t functors. The parametric asp ect

of naturalit y here is that �

A

ma y b e v aried along an arbitrary map f : A ! B in b oth the co- and

con tra v arian t p ositions.

In the follo wing examples, K

A

denotes the constan t functor with v alue A (where K

A

( f ) = id

A

). W e use set-theoretic notation, but the examples mak e sense in an y ccc (e.g. using the in ternal

language). W e follo w the treatmen t in [BFSS90 ].

Example 3.2 (P olymorphic Iden tit y) Let F = K

1

, let G ( � ; � ) = ( � )

( � )

. Consider the family

I = f I

A

: 1 ! A

A

j A 2 C g where I

A

( � ) = �

x : A

: x = (1 � A

�

2

� ! A )

�

. De�nition 3.1 reduces to the

follo wing comm uting square:

A

A

�

�

�I

A

� @

@

@

f

A

R

1 B

A

@

@

@

I

B

R �

�

�

B

f

�

B

B

whic h essen tially sa ys f

o

id

A

= id

B

o

f . This equation is true (in Set or in the in ternal language of

an y ccc) since b oth sides equal f .

Example 3.3 (Ev aluation) Fix an ob ject D 2 C . Let F ( � ) = D

( � )

and G = K

D

. The family

E v = f ev

A

: ( D

A

) � A ! D j A 2 C g : F ! G is a dinatural transformation, where ev

A

is the usual

ev aluation in an y ccc. De�nition 3.1 reduces to the follo wing comm uting square, for an y f : A ! B

D

A

� A

�

�

�
D

f

� A
� @

@

@

ev

A

R

D

B

� A D

@

@

@

D

B

� f

R �

�

�

ev

B

�

D

B

� B

This sa ys, for an y g : D

B

; a : A , ev

A

( g

o

f ; a ) = ev

B

( g ; f ( a )). More informally , ( g

o

f )( a ) = g ( f ( a )).

Again, this is a truism in an y ccc.
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Extending the ab o v e example, gener alize d evaluation E V = f ev

A;A

0
: A

0 A

� A ! A

0

j A; A

0

2 C g

determines a dinatural transformation b et w een appropriate functors (cf [BFSS90 ]). Dinaturalit y

corresp onds to the true equation f

0

(( g

o

f )( a )) = ( f

0

o

g )( f ( a )) for g : A

0 B

, a : A , and an y f : A !

B ; f

0

: A

0

! B

0

.

Example 3.4 (Ch urc h Numerals) De�ne n : ( � )

( � )

! ( � )

( � )

to b e the family where n

A

:

A

A

! A

A

is giv en b y mapping h 7! h

n

, with h

n

= h

o

h

o

h � � �

o

h ( n times). Dinaturalit y corresp onds

to the diagram (for an y f : A ! B )

A

A

n

A

-

A

A

�

�

A

f

� @

@

f

A

R

A

B

B

A

@

@

f

B

R �

�

B

f

�

B

B

n

B

-

B

B

i.e. if g : A

B

, ( f

o

g )

n

o

f = f

o

( g

o

f )

n

, an instance of asso ciativit y .

W e shall see dinaturalit y again in Section 6.1 . Observ e that eac h of the families � = f �

A

j A 2 C g

ab o v e|whic h in essence arise from the syn tax of ccc's|ha v e uniform algorithms �

A

across all t yp es

A . F or example, n

A

= �

h : A

A
:h

n

, uniform in eac h t yp e A .

W e end with an op erator whic h is fundamen tal to denotational seman tics.

Example 3.5 (Fixed P oin t Com binators) In man y ccc's C used in programming language

seman tics, e.g. certain sub categories of ! -CPO, there is a dinatural �xed p oin t com binator

Y

( � )

: ( � )

( � )

! ( � ). That is, w e ha v e a family f Y

A

: A

A

! A j A 2 C g making the follo w-

ing diagram comm ute, for an y f : A ! B :

A

A

Y

A

-

A

�

�

A

f

� @

@

f

R

A

B

B

@

@

f

B

R �

�

id

B

�

B

B

Y

B

-

B

This sa ys, using informal set-theoretic notation, if g : A

B

; f ( Y

A

( g

o

f )) = Y

B

( f

o

g ). In particular,

setting B = A and letting g = id

B

, w e ha v e the �xed-p oin t equation f ( Y

A

( f )) = Y

A

( f ).

F or example, consider ! -CPO

?

{the sub ccc of ! -CPO whose ob jects A ha v e a least elemen t ?

A

but the morphisms need not preserv e it. It ma y b e sho wn that the family giv en b y Y

A

( f ) = the

le ast �xe d-p oint of f =

W

f f

n

( ?

A

) j n � 0 g is dinatural (see [BFSS90 , Mul91, Si93]).

There is a calculus of m ultiv arian t functors F ; G : ( C

op

)

n

� C

n

! C functors. F or example basic

t yp e constructors ma y b e de�ned (using pro ducts and exp onen tials in C ) b y setting

( F � G ) AB = F AB � GAB(11)

( G

F

) AB = GAB

F B A

(12)

Here A is the list of n con tra v arian t and B the list of n co v arian t argumen ts. Note the t wist of

the argumen ts in the de�nition of exp onen tiation. Muc h of the structure of cartesian closedness
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(e.g. ev aluation maps, currying, pro jections, pairing, etc.) exists within the w orld of dinatural

transformations and there is a kind of abstract functorial calculus (cf. [BFSS90 ], App endix A6,

[F re93 ]).

Unfortunately , there is a serious problem: in general, dinaturals do not comp ose. That is,

giv en dinatural families f F AA

�

A

� ! GAA j A 2 C g and f GAA

 

A

� ! H AA j A 2 C g , the comp osite

f F AA

 

A

o

�

A

� ! H AA j A 2 C g do es not alw a ys mak e the appropriate hexagon comm ute. Ho w ev er,

with resp ect to the original question of closure of parametric functions under isomorphisms of

t yp es, w e note that families dinatural with resp ect to isomorphisms f do in fact comp ose. But this

class is to o w eak for a general mo delling . Detailed studies of suc h phenomena ha v e b een done in

[BFSS90 , FRRa , FRRb ].

Remark ably , there are certain categories C o v er whic h there are large classes of m ultiv arian t

functors and dinatural transformation whic h pro vide a comp ositional seman tics:

� In [BFSS90 ] it is sho wn that if C = P er ( N ), that so-called r e alizable dinatural transformations

b et w een r e alizable functors comp ose. Realizable functors include almost an y functors that

arise in practice, (e.g. those de�nable from the syn tax of System F ) while realizable dinatural

transformations are families of p er morphisms whose action is giv en uniformly b y a single

T uring mac hine. This seman tics also has a kind of univ ersal quan ti�er mo delling System

F (see b elo w).

� In [GSS91 ] it is sho wn that the syn tax of simply t yp ed lam b da calculus with t yp e v ariables|

i.e. C = a free ccc|admits a comp ositional dinatural seman tics (b et w een logically de�nable

functors and dinatural families). This uses the cut-elimination theorem from pro of theory .

This w ork w as extended to Linear Logic b y R. Blute [Blu93].

� In [BS96 ] there is a comp ositional dinatural seman tics for the m ultiplicativ e fragmen t of linear

logic (generated b y atoms). Here C = RT V E C , a category of re
exiv e top ological v ector spaces

�rst studied b y Lefsc hetz [Lef63 ], with functors b eing syn tactically de�nable. In [BS96b, BS98]

this w as extended to a comp ositional dinatural seman tics for Y etter's noncomm utativ e cyclic

linear logic. In b oth cases, one demands certain uniformit y conditions on dinatural families,

in v olving equiv ariance w.r.t. con tin uous group (resp ectiv ely Hopf-algebra ) actions induced

from actions on the atoms (see also Section 5.2 b elo w). F or the non-cyclic fragmen t, this is

automatic.

Asso ciated with dinaturalit y is a kind of \parametric" univ ersal quan ti�er �rst describ ed b y

Y oneda and whic h pla ys a fundamen tal role in mo dern category theory [Mac71 ].

De�nition 3.6 An end of a m ultiv arian t functor G on a category C is an ob ject E =

R

A

GAA and

a dinatural transformation K

E

! G , univ ersal among all suc h dinatural transformations.

In more elemen tary terms, there is a family of arro ws f

R

A

GAA

�

X

� ! GX X j X 2 C g making

the main square in the follo wing diagram comm ute, for an y X

f

� ! Y , and suc h that giv en an y

other family u = f u

X

j X 2 C g suc h that GX f

o

u

X

= Gf Y

o

u

Y

, there is a unique � u making the
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appropriate triangles comm ute:

R

A

GAA

�

�

�

��

@

@

@

@R

GX Y

GX f

�

X

�

Y

Gf Y

GX X

@

@

@

@R

�

�

�

��

GY Y

u

X

u

Y

D

� u

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

?

A

A

A

A

A

A

A

A

A

A

A

A

AU

Q

Q

Q

Q

Qs

One ma y think of

R

A

GAA as a subset of �

A

GAA (note, this is a \large" pro duct o v er all A 2 C ,

so C m ust ha v e appropriate limits for this to exist)

Z

A

GAA = f g 2 �

A

GAA j GX f

o

�

X

= Gf Y

o

�

Y

; for all X ; Y ; f : X ! Y 2 C g

In [BFSS90 ] v ersions of suc h ends o v er P er ( N ) are discussed with resp ect to parametric mo delling

of System F .

In a somewhat di�eren t direction, c o-ends (dual to ends) are a kind of sum or existen tial

quan ti�er. Their use in categorical computer science w as strongly emphasized in early w ork of

Bain bridge [B72 , B76 ] on dualit y theory for mac hines in categories. A useful observ ation is that w e

ma y consider functors R : C � D ! S et and S : D � E ! S et as generalized relations, with relational

comp osition b eing determined b y the co end form ula R ; S ( C ; E ) =

R

D

( R ( C ; D ) � S ( D ; E )). This

view has recen tly b een applied to relational seman tics of data
o w languages in [HPW].

W e should men tion that dinaturalit y is also in timately connected with categorical coherence

theorems and geometrical prop erties of pro ofs [Blu93, So87]. It also seems to b e hidden in deep er

asp ects of Cut-Elimination [GSS91 ], although here there is still m uc h to understand. W e shall meet

dinaturalit y again in sev eral places (e.g. in T raced Monoidal Categories, Section 6.1).

3.2 Reynolds P arametricit y

Reynolds [Rey83] analyzed Strac hey's notion of parametric p olymorphism using a relational mo del

of t yp es. Although his original idea of using a S et -based mo del w as later sho wn b y Reynolds

himself to b e un tenable, the framew ork has greatly in
uenced subsequen t studies. As a concrete

illustration, follo wing [BFSS90 ] w e shall sk etc h a relational mo del o v er P er ( N ). Related results

in more general framew orks w ere obtained b y Hasega w a [RHas94 , RHas95] and Ma and Reynolds

[MaRey]. Although originally Reynolds' w ork w as seman tical, general logics for reasoning ab out

formal parametricit y , supp orted b y suc h P er mo dels, w ere dev elop ed in [BA C95 , PlAb93, A CC93 ].

Giv en p ers A; A

0

2 P er ( N ), a satur ate d r elation R : A � ! A

0

is a relation R � dom

A

� dom

A

0

satisfying R = A ; R ; A

0

, where ; denotes relational comp osition. F or all p ers A; A

0

; B ; B

0

, saturated

relations R : A � ! A

0

and S : B � ! B

0

and elemen ts a 2 dom

A

; a

0

2 dom

A

0

; b 2 dom

B

; b

0

2 dom

B

0

w e de�ne a r elational System F t yp e structure as follo ws:

� R � S : ( A � B ) � ! ( A

0

� B

0

), giv en comp onen t wise b y ( a; b ) R � S ( a

0

; b

0

) i� aRa

0

and bS b

0

.
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� R ) S : ( A ) B ) � ! ( A

0

) B

0

), where f ( R ) S ) g i� f ; g are (co des of ) T uring computable

functions satisfying aRa

0

implies f aS g a

0

for an y a; a

0

as ab o v e.

� 8 �:� ( �; S ) : 8 �:� ( �; B ) � ! 8 �: � ( �; B

0

) is de�ned b y a sim ultaneous inductiv e de�nition based

on the formation of t yp e expression � ( �; � ). W e shall omit the tec hnical construction (see

[BFSS90 ], p.49) but the k ey idea is to rede�ne the P er -in terpretation of 8 �:� ( � ) b y triming

do wn the in tersection \

A

� ( A ) to only those elemen ts in v arian t under all saturated relations,

while 8 �:� ( �; S ) = \

R

� ( R; S ), the in tersection b eing o v er all p ers A; A

0

and saturated R :

A � ! A

0

.

The somewhat in v olv ed construction of 8 �:� ( � ) ensures the t yp e expressions � ( � ) act lik e functors

with resp ect to saturated relations. More precisely , Reynolds' parametricit y en tails:

� If R : A � ! A

0

is a saturated relation, then for an y p olymorphic t yp e � , � ( R ) : � ( A ) � ! � ( A

0

)

is a saturated relation.

� Identity Extension L emma: � preserv es iden tit y relations, i.e. � ( id

A

) = id

� ( A )

, as saturated

relations � ( A ) � ! � ( A ) (and similarly for � ( id

A

1

; : : : ; id

A

n

) )

One obtains a Soundness Theorem, essen tially the in terpretation of the free term mo del of

System F in to the relational P er mo del ab o v e. F or simplicit y , consider terms with only one

v ariable. Let � = � ( �

1

; : : : ; �

n

) and � = � ( �

1

; : : : ; �

n

) denote p olymorphic t yp es with free t yp e

v ariables � f �

1

; : : : ; �

n

g . Let x : � ` t : � denote term t : � with free v ariable x : � . Asso ciated

to ev ery System F term t is a T uring computable n umerical function f

t

, obtained b y essen tially

erasing all t yp es and considering the result as an un t yp ed lam b da term, qua computable partial

function (see [BFSS90], App endix A.1).

Theorem 3.7 (Soundness) L et A

i

; A

0

i

b e p ers and R

i

: A

i

� ! A

0

i

satur ate d r elations. Then

if m� (

~

R ) m

0

then f

t

( m ) � (

~

R ) f

t

( m

0

) . A lso, if t = t

0

in System F , then f

t

= f

t

0
as P er ( N ) maps

� (

~

A ) ! � (

~

A ) :

Th us terms (programs) b ecome \relation transformers" � (

~

R ) ! � (

~

R ) (cf. [MitSce , F re93 ]) of the

form

-

-

-

: : : : : : : : : : : : : : : : : :

� (

~

R )

9

f

t

f

t

9

� (

~

R )

�

�

��

@

@

@R

� (

~

A ) � (

~

A )

� (

~

A

0

)

�

�

��

@

@

@R

� (

~

A

0

)

In particular this exempli�es Reynolds' in terpretation of Strac hey's parametricit y: if one instan ti-

ates an elemen t of p olymorphic t yp e at t w o related t yp es, then the t w o v alues obtained m ust b e

related themselv es.

Reynolds parametricit y has the follo wing in teresting consequence [BFSS90 , RHas94 ]. Recall

the category of T -algebras, for de�nable functors T (cf. the pro of of Theorem 2.40).

Theorem 3.8 L et T b e a System F -de�nable c ovariant functor. Then in the p ar ametric P er

mo del, 8 �: (( T � ) � ) ) � ) is the initial T -algebr a.
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This prop ert y b ecomes a general theorem in the formal logics of parametricit y (e.g. [PlAb93,

RHas95]), and hence w ould b e true in an y appropriate parametric mo del. Th us, although the

syn tax of second-order logic in general only guaran tees we akly initial data t yp es as in [GL T ], in

parametric mo dels of System F the usual de�nitions actually yield strong data t yp es.

The reader migh t righ tly enquire: do relational parametricit y and dinaturalit y ha v e an ything in

common? This is exactly the kind of question that requires a logic for reasoning ab out parametricit y .

Plotkin and Abadi's logic [PlAb93] extends the equational theory of System F with quan ti�cation

o v er functions and relations, together with a sc hema expressing Reynolds' relational parametricit y .

The dinaturalit y hexagon in De�nition 3.1, for de�nable functors and families, is expressible as a

quan ti�ed equation in this logic.

Prop osition 3.9 In the formal system ab ove, r elational p ar ametricity implies dinatur ality.

Reynolds' w ork on parametricit y con tin ues to inspire fundamen tal researc h directions in pro-

gramming language theory , ev en b ey ond p olymorphism. F or example, O'Hearn and T ennen t

[OHT92 , OHT93] use relational parametricit y to examine di�cult problems in lo cal-v ariable de-

clarations in Algol-lik e languages. Their framew ork is particularly in teresting. They use ccc's of

functor categories and natural transformations, � a la Oles and Reynolds, but internal to the c ate gory

of r e
exive dir e cte d multigr aphs . The same framew ork, somewhat generalized, w as then used b y A.

Pitts [Pi96a] in a general relational approac h to reasoning ab out prop erties of recursiv ely de�ned

domains. Pitts w ork has led to new approac hes to induction and co-induction, etc. (see Section

2.5). The reader is referred to Pitts [Pi96a ], p.74 and O'Hearn and T ennen t [OHT93 ] for man y

examples of these so-called r elational structur es over c ate gories C .

4 Linear Logic

4.1 Monoidal Categories

W e brie
y recall the relev an t de�nitions. F or details, the reader is referred to [Mac71 , Bor94].

De�nition 4.1 A monoidal c ate gory is a category C equipp ed with a functor 
 : C � C ! C , an

ob ject I , and sp eci�ed natural isomorphisms:

a

AB C

: ( A 
 B ) 
 C

'

� ! A 
 ( B 
 C )

`

A

: I 
 A

'

� ! A and r

A

: A 
 I

'

� ! A

satisfying coherence equations: asso ciativit y coherence (Mac Lane's P en tagon) and the unit coher-

ence.

A symmetric monoidal c ate gory is a monoidal category with a natural symmetry isomorphism

s

AB

: A 
 B

'

� ! B 
 A satisfying: s

B A

s

AB

= id

A 
 B

, for all A; B , and (omitting subscripts)

r = `s; asa = (1 
 s ) a ( s 
 1).

Symmetric monoidal categories include cartesian categories (with 
 = � ) and co cartesian cat-

egories (with 
 = +). Ho w ev er in the t w o latter cases, the structure is uniquely determined

(up to isomorphism)|and similarly for the coherence isomorphisms|b y the univ ersal prop ert y of

pro ducts (resp. copro ducts). This is not true in the general case{there ma y b e man y symmetric

monoidal structures on the same category .

W e no w in tro duce the monoidal analog of ccc's:
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De�nition 4.2 A symmetric monoidal close d c ate gory (= smcc) ( C ; 
 ; I ; � � ) is a symmetric mon-

oidal category suc h that for eac h ob ject A 2 C , the functor � 
 A : C ! C has a sp eci�ed righ t

adjoin t A � � � , i.e. for eac h A there is an isomorphism, natural in B ; C :

H om

C

( C 
 A; B )

�

=

H om

C

( C ; A � � B ) :(13)

As a consequence, in an y smcc there are \ev aluation" and \co ev aluation" maps ( A � � B ) 
 A

ev

AB

� ! B

and C � ! ( A � � ( C 
 A )) determined b y the adjoin tness (13). W e shall try to k eep close to

our ccc notation, Section 2.1. In particular the analog of Currying arising from (13) is denoted

C

f

�

� ! ( A � � B ) Moreo v er, this data actually determines a (bi)functor � � � � : C

op

� C ! C .

No sp ecial coherences ha v e to b e supp osed for � � � � : they follo w from coherence for 
 and

adjoin tness..

F or the purp oses of studying linear logic b elo w, w e need (among other things) a notion of an

smcc, equipp ed with an in v olutiv e negation or dualit y , reminiscen t of �nite dimensional v ector

spaces. The general theory of suc h categories, due to M. Barr [Barr79 ], w as dev elop ed in the mid

1970's, some ten y ears b efore linear logic.

Consider an smcc C , with a distinguished ob ject ? . Consider the map ev

A ?

o

s

A ?

: A 
 ( A � � ?

) � !? . By (13) this corresp onds to a map �

A

: A ! ( A � �? ) � �? . Let us write A

?

for A � �? .

Th us w e ha v e a morphism �

A

: A ! A

??

. Ob jects A for whic h �

A

is an isomorphism are called

r e
exive , or more precisely re
exiv e with resp ect to ? .

De�nition 4.3 A � -autonomous c ate gory ( C ; 
 ; I ; � � ; ? ) is an smcc C with a distinguished ob ject

? suc h that all ob jects are re
exiv e, i.e. the canonical map �

A

: A ! A

??

is an isomorphism for

all A 2 C . The ob ject ? is called the dualizing obje ct .

It ma y b e sho wn that a � -autonomous category C has a con tra v arian t dualizing functor ( � )

?

:

C

op

! C , de�ned on ob jects b y A 7! A

?

. There is a natural isomorphism : H om

C

( A; B )

�

=

H om

C

( B

?

; A

?

).

In an y � -autonomous category C there are isomorphisms

( A � � B )

?

�

=

A 
 B

?

I

�

=

?

?

The reader is referred to [Barr79 ] for man y examples. Let us men tion the ob vious one:

Example 4.4 The category V ec

f d

of �nite dimensional v ector spaces o v er a �eld k is � -

autonomous. Here A � � B = Lin ( A; B ), the space of linear maps from A to B and the dualizing

ob ject ? = k . In particular A

?

= A

�

is the usual dual space. More generally , within the smcc

category V ec of k -v ector spaces (with ? = k ), an ob ject is re
exiv e i� it is �nite dimensional.

In a � -autonomous category , w e ma y de�ne the c otensor

.
.

.
.

.
. . . .

.
.

.
.

.

.
.

.

.
.
.

.
.
.

.

.

.
.
.
.
.
.

.
.

..
..

..
.

.
.
.

.

.
.

.
.

. .
.

.
.

.

.
.

.

.
.
.

.
.

..
..

..
..

.
.

.
.

.

.

.
.

.

.
.

..... . . . . . . .
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B =

( A

?


 B

?

)

?

. The ab o v e example V ec

f d

is somewhat \degenerate" since 
 and
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are iden ti�ed

(see the De�nition 4.10 of c omp act category) . In a t ypical � -autonomous category this is not the

case; indeed in linear logic one do es not w an t to iden tify tensor and cotensor.

T o obtain more general � -autonomous categories of v ector spaces, w e add a top ological structure,

due to Lefsc hetz [Lef63]. The follo wing discussion is primarily based on w ork of M. Barr [Barr79 ],

follo wing the treatmen t in Blute [Blu96].
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De�nition 4.5 Let V b e a v ector space. A top ology � on V is line ar if it satis�es the follo wing

three prop erties:

� Addition and scalar m ultiplication are con tin uous, when the �eld k is giv en the discrete

top ology .

� � is hausdor�

� 0 2 V has a neigh b orho o d basis of op en linear subspaces.

Let T V E C denote the category whose ob jects are v ector spaces equipp ed with linear top ologies,

and whose morphisms are linear con tin uous maps.

Barr sho w ed that T V E C is a symmetric monoidal closed category , when V � � W is de�ned to b e

the v ector space of linear con tin uous maps, top ologized with the top ology of p oin t wise con v ergence.

(It is sho wn in [Barr96 ] that the forgetful functor T V E C ! V E C is tensor-preserving) . Let V

?

denote

V � � k . Lefsc hetz pro v ed that the em b edding V ! V

??

is alw a ys a bijection, but need not b e an

isomorphism. This is analogous to Dana Scott's metho d of solving domain equations in denotational

seman tics, using the top ology to cut do wn the size of the function spaces.

Theorem 4.6 (Barr) RT V E C , the ful l sub c ate gory of r e
exive obje cts in T V E C , is a c omplete,

c o c omplete � -autonomous c ate gory, with I

?

= I = k the dualizing obje ct.

Moreo v er, in RT V E C , 
 and

.
.

. .
.

. . . .
.

. .
.

.
.
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.
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.

.
.

.
.

.
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.
.
.

.
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are not equated. More generally , other classes of � -autonomous

categories arise b y taking a linear analog of G -sets, namely categories of group represen tations.

De�nition 4.7 Let G b e a group. A c ontinuous G -mo dule is a linear action of G on a space V

in T V E C , suc h that for all g 2 G , the induced map g : ( ) : V ! V is con tin uous. Let T MO D ( G )

denote the category of con tin uous G -mo dules and con tin uous equiv arian t maps. Let RT MO D ( G )

denote the full sub category of re
exiv e ob jects.

W e ha v e the follo wing result, whic h in fact holds in the more general con text of Hopf algebras

(see b elo w).

Theorem 4.8 The c ate gory T MO D ( G ) is symmetric monoidal close d. The c ate gory RT MO D ( G )

is � -autonomous, and a r e
e ctive sub c ate gory of T MO D ( G ) via the functor ( )

??

. F urthermor e

the for getful functor j j : RT MO D ( G ) ! RT V E C pr eserves the � -autonomous structur e.

Still more general classes of � -autonomous categories ma y b e obtained from categories of mo d-

ules of co comm utativ e Hopf algebras. Giv en a Hopf algebra H , a mo dule o v er H is a linear action

� : H 
 V ! V satisfying the appropriate diagrams, analogous to the notion of G -mo dule. Let

MO D ( H ) denote the category of H -mo dules and equiv arian t maps. Similarly , T MO D ( H ) , the

category of con tin uous H -mo dules, is the linearly top ologized v ersion of MO D ( H ) where H is giv en

the discrete top ology and all v ector spaces and maps are in T V E C .

Prop osition 4.9 If H is a c o c ommutative Hopf algebr a, MO D ( H ) and T MO D ( H ) ar e symmetric

monoidal c ate gories.

W e then obtain precisely the same statemen t as Theorem 4.8 b y replacing the group G b y a

co comm utativ e Hopf algebra H . Later w e shall men tion noncomm utativ e Hopf algebra mo dels for

linear logic, with resp ect to full completeness theorems, Section 5.2.

The case where w e do iden tify 
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is an imp ortan t class of monoidal categories:
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De�nition 4.10 A � -autonomous category is c omp act if ( A 
 B )

?

�

=

A

?


 B

?

(i.e. equiv alen tly

if A � � B

�

=

A

?


 B ).

In addition to the ob vious example of V ec

f d

, there are compact categories of relations, whic h

ha v e considerable imp ortance in computer science. One suc h is:

Example 4.11 Rel

�

is the category whose ob jects are sets and whose maps R : X ! Y are

(binary) relations R � X � Y . Comp osition is relational comp osition, etc. This is a compact

category , with X 
 Y = X � � Y =

def

X � Y , the ordinary set-theoretic cartesian pro duct. De�ne

? = f�g , a one-elemen t set; hence X

?

= X � � ? = X . On maps w e ha v e R

?

= R

op

, where y R

op

x

i� xRy .

Giv en t w o smcc's C and D (w e shall not distinguish the structure) what are the morphisms

b et w een them?

De�nition 4.12 A symmetric monoidal functor is a functor F : C ! D together with t w o natural

transformations m

I

: I ! F ( I ) and m

U V

: F ( U ) 
 F ( V ) ! F ( U 
 V ) suc h that three coherence

diagrams comm ute. In the case of the closed structure, w e can de�ne another natural transformation

^m

U V

: F ( U � � V ) ! ( F U � � F V ) b y ^m

U V

= ( F ( ev

U � � V ;U

)

o

m

U � � V ;U

)

�

. A symmetric monoidal

functor is str ong (resp. strict ) if m

I

and m

U V

are natural isomorphisms (resp. iden tities) for all

U; V . A symmetric monoidal functor is str ong close d (resp. strict close d ) if m

I

and ^m

U V

are natural

isomorphisms (resp. iden tities) for all U; V . Similarly , one de�nes � -autonomous functors.

Finally , w e need an appropriate notion of natural transformation for monoidal functors.

De�nition 4.13 A natural transformation � : F ! G is monoidal if it is compatible with b oth

m

I

and m

U V

, for all U; V , in the sense that the follo wing equations hold:

�

I

o

m

I

= m

I

m

U V

o

( �

U


 �

V

) = �

U 
 V

o

m

U V

:

4.2 Gen tzen's pro of theory

Gen tzen's pro of theory [GL T ], esp ecially his se quent c alculi and his fundamen tal theorem on Cut-

Elimination, ha v e had a profound in
uence not only in logic, but in category theory and computer

science as w ell.

In the case of category theory , J. Lam b ek[L68, L69 ] in tro duced Gen tzen's tec hniques to study

c oher enc e the or ems in v arious free monoidal and residuated categories. This logical approac h to

coherence for suc h categories w as greatly extended b y G. Min ts, S. Solo viev, B. Ja y , et al [Min81 ,

So87 , So95 , J90] F or a comparison of Min ts' w ork with more traditional Kelly-Mac Lane coherence

theory see [Mac82 ] . More recen tly , coherence for large classes of structured monoidal categories

arising in linear logic has b een established in a series of pap ers b y Blute, Co c k ett, Seely et al. This is

based on Girard's extensions of Gen tzen's metho ds. (see [BCST96 , BCS96, BCS97, CS91, CS96b].)

Recen t coherence theorems of Gordon-P o w er-Street, Jo y al-Street, et. al. [GPS96 , JS91, JS93]

ha v e made extensiv e use of higher dimensional category theory tec hniques and Y oneda metho ds,

rather than logical metho ds. Related Y oneda tec hniques are no w b eing in tro duced, in the rev erse

direction in to pro of theory , as w e outlined in Section2.7 ab o v e.

In computer science, en tire researc h areas: pro of searc h (AI, Logic Programming), op erational

seman tics, t yp e inference algorithms, logical framew orks, etc. are a testimonial to Gen tzen's w ork.

Indeed, Gen tzen's Natural Deduction and Sequen t Calculi are fundamen tal metho dological as w ell

as mathematical to ols.

38



A profound and exciting analysis of Gen tzen's w ork has arisen recen tly in the rapidly gro wing

area of Linear Logic (=LL), dev elop ed b y J-Y. Girard in 1986. While classical logic is ab out

univ ersal truth, and in tuitionistic logic is ab out constructiv e pro ofs, LL is a logic of resources and

their managemen t and reuse. (e.g. see [Gi87, Gi89, GLR, Sc93, Sc95, T r92 ])

4.2.1 Gentzen sequents

Gen tzen's analysis of Hilb ert's pro of theory b egins with a fundamen tal reform ulation of the syn tax.

W e follo w the presen tation in [GL T].

A se quent for a logical language L is an expression

A

1

; A

2

; � � � ; A

m

` B

1

; B

2

; � � � ; B

n

(14)

where A

1

; A

2

; � � � ; A

m

and B

1

; B

2

; � � � ; B

n

are �nite lists (p ossibly empt y) of form ulas of L . Sequen ts

are denoted � ` �, for lists of form ulas � and �. Gen tzen in tro duced formal rules for generating

sequen ts, the so-called derivable sequen ts. Gen tzen's rules analyze the deep structure and implicit

symmetries hidden in logical syn tax . Computation in this setting arises from one of t w o metho ds:

� The traditional metho d is Gen tzen's Cut-Elimination Algorithm, whic h allo ws us to tak e a

formal sequen t calculus pro of and reduce it to cut-free form. This is closely related to b oth

normalization of lam b da terms (cf. Sections 2.7) as w ell as the op erational seman tics of suc h

programming languages as PR OLOG.

� More recen t is the pro of searc h paradigm , whic h is the b ottom-up, goal-directed view of

building sequen t pro ofs and is the basis of the disciplin e of Logic Programming [MNPS ,

HM94 , Mill ].

Categorically , the cut elimination algorithm is at the heart of the pro of-theoretic approac h to

coherence theorems previously men tioned. On the other hand, Logic Programming and the pro of-

searc h paradigm ha v e only recen tly attracted the atten tion of categorists (cf. [FiF rL, PK96]).

Lam b ek p oin ted out that Gen tzen's sequen t calculus w as analogous to Bourbaki's metho d of

bilinear maps. F or example, giv en sequences � = A

1

� � � A

m

and � = B

1

B

2

� � � B

n

of R � R bimo dules

of a giv en ring R , there is a natural isomorphism

M ul t (� AB � ; C )

�

=

M ul t (� A 
 B � ; D )(15)

b et w een m + n + 2-linear and m + n + 1-linear maps. Bourbaki deriv ed man y asp ects of tensor

pro ducts just from this univ ersal prop ert y . Suc h a formal bijection is at the heart of Linear Logic

(e.g. [L93]).

T raditional logicians think of sequen t (14) as sa ying : the c onjunction of the A

i

entails the

disjunction of the B

j

. More generally , follo wing Lam b ek and La wv ere (cf. Section2.1), categorists

in terpret suc h sequen ts (mo dulo equiv alence of pro ofs) as arr ows in appropriate categories. F or

example, in the case of logics similar to linear logic [CS91 ], the sequen t (14) determines an arro w

of the form

A

1


 A

2


 � � � 
 A

m

� ! B

1

.
.

.
.

.
. . . .

.
.

.
.

.
.

.
.

.
.

.
.
.

.
.
.

.

.

.

.

.

.

.

.
..

..
..

.

.

.

.

.
.

.
.

.
.

. .
.

.

.
.

.

.

.

.

.
.

..
....

..
.

.
.

.
.
.

.

.

.
.

.

.
..... . . . . . . .

B

2

� � �
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B

n

(16)

in a symmetric monoidal category with a \cotensor"
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(see Section 4.1 b elo w).

4.2.2 Girard's Anal ysis of the Str uctural R ules

Gen tzen brok e do wn the manipulations of logic in to t w o classes of rules applied to sequen ts: struc-

tur al rules and lo gic al rules . All rules come in pairs (left/righ t) applying to the left (resp. righ t)

side of a sequen t.
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Gen tzen's Structural Rules (Left/Righ t)

Permutation

� ` �

� (�) ` �

� ` �

� ` � (�) � ; � p erm utations.

Contr action

� ; A; A ` �

� ; A ` �

� ` � ; B ; B

� ` � ; B

We akening

� ` �

� ; A ` �

� ` �

� ` � ; B

F or simplicit y , consider intuitionistic sequen ts , i.e. those of the form A

1

; A

2

; � � � A

m

` B with

one conclusion. So the righ t rules disapp ear and w e consider the left rules ab o v e. W e can giv e a

Curry-Ho w ard-st yle analysis to Gen tzen's in tuitionistic sequen ts (cf. Section 2.3), assigning lam b da

terms (qua functions) to sequen ts, e.g. x

1

: A

1

; � � � ; x

m

: A

m

` t ( ~ x ) : B . The structural rules sa y the

follo wing: Permutation sa ys that the class of functions is closed under p erm utations of argumen ts;

Contr action sa ys that the class of functions is closed under duplicating argumen ts{i.e. setting t w o

input v ariables equal; and We akening sa ys the class of functions is closed under adding dumm y

argumen ts. In the absence of suc h rules, w e obtain the so called line ar lam b da terms, terms where

all v ariables o ccur exactly once. (see [GSS91 , Abr93, L89 ]):

By remo ving these traditional structural rules, logic tak es on a completely di�eren t c haracter

3

(see Figure 8). Previously equiv alen t notions no w split in to subtle v arian ts based on resource

allo cation. F or example, the rules for Multiplic ative connectiv es simply concatenate their input

h yp otheses � and �

0

, whereas the rules for A dditive connectiv es merge t w o input h yp otheses �

in to one. The situation is analogous for outputs � and �

0

( see Figure 8). The resultan t logical

connectiv es can represen t linguistic distinctions related to resource use whic h are simply imp ossible

to form ulate in traditional logic (see [Gi86, Abr93 , Sc93, Sc95 ]).

Remark 4.14 First w e should remark that on the con tro v ersial sub ject of notation in LL, w e ha v e

c hosen a reasonable categorical notation, somewhere b et w een [Gi87 ] and [See89 ]. Observ e that

in CLL, t w o-sided sequen ts can b e replaced b y one-sided sequen ts, since � ` � is equiv alen t to

` �

?

; �, with �

?

the list A

?

1

; � � � ; A

?

n

, where � is A

1

; � � � ; A

n

.

Th us the k ey asp ect of linear logic pro ofs is their resource sensitivit y . W e think of a linear

en tailmen t A

1

; � � � ; A

m

` B not as an ordinary function, but as an action {a kind of pro cess that in a

single step consumes the inputs A

i

and pro duces output B . F or example, this p ermits represen ting

in a natural manner the step-b y-step b eha viour of v arious abstract mac hines, certain mo dels of

concurrency lik e P etri Nets, etc. Th us, linear logic p ermits us to describ e the instan taneous state

of a system, and its step-wise ev olution, in trinsically within the logic itself (e.g. with no need for

explicit time parameters, etc.)

But linear logic is not ab out simply remo ving Gen tzen's structural rules, but rather mo dulating

their use. T o this end, Girard in tro duces a new connectiv e ! A , whic h indicates that con traction

and w eak ening ma y b e applied to form ula A . This yields the Exp onential connectiv es in Figure 8.

F rom a resource viewp oin t, an h yp othesis ! A is one whic h can b e reused arbitrarily . Moreo v er, this

p ermits decomp osing \ ) " (categorically , the ccc function space) in to more basic notions:

A ) B = (! A ) � � B

3

F orm ulas of LL are generated from literals p; q ; r ; � � � ; p

?

; q

?

; r

?

; � � � and constan ts I ; ? ; 1 ; 0 using binary op erations
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; � ; � and unary ! ; ?. Negation ( � )

?

is de�ned inductiv ely: I

?

= ? ; ?

?

= I ; 1

?

= 0 ; 0

?

= 1 ; p

? ?

= p; ( A 
 B )

?

=
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B )

?

= A

?


 B

?

; ( A � B )

?

= ( A

?

� B

?

) ; ( A � B )

?

= A

?

� B

?

; (! A )

?

=?( A

?

) ; (? A )

?

=!( A

?

) : Also

w e de�ne A � � B = A

?
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Structural

Perm

� ` �

� (�) ` � (�)

� ; � p erm utations.

Axiom & C ut Axiom A ` A

Cut

� ` A; � �

0

; A ` �

0

� ; �

0

` � ; �

0

Negation

� ` A; �

� ; A

?

` �

� ; A ` �

� ` A

?

; �

M ul tipl icativ es T ensor

� ; A; B ` �

� ; A 
 B ` �

� ` A; � �

0

` B ; �

0

� ; �

0

` A 
 B ; � ; �

0

P ar

� ; A ` � �

0

; B ` �

0

� ; �

0

; A
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B ` � ; �

0

� ` A; B ; �

� ` A
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B ; �

U nits

� ` �

� ; I ` �

` I

? `

� ` �

� `? ; �

Implic ation

� ` A; � �

0

; B ` �

0

� ; �

0

; A � � B ` � ; �

0

� ; A ` B ; �

� ` A � � B ; �

Additiv es P r oduct

� ; A ` �

� ; A � B ` �

� ; B ` �

� ; A � B ` �

� ` A; � � ` B ; �

� ` A � B ; �

Copr o duct

� ; A ` � � ; B ` �

� ; A + B ` �

� ` A; �

� ` A + B ; �

� ` B ; �

� ` A + B ; �

U nits � ; 0 ` � � ` 1 ; �

E xponential s W eak ening

� ` �

� ; ! A ` �

Contr action

� ; ! A; ! A ` �

� ; ! A ` �

S tor ag e

!� ` A

!� ` ! A

Der eliction

� ; A ` �

� ; ! A ` �

Figure 8: Rules for Classical Prop ositional LL
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Finally , nothing is lost: classical (as w ell as in tuitionistic) logic can b e faithfully translated in to

CLL. [Gi87, T r92 ].

4.2.3 Fra gments and Ex otic Extensions

The ric hness of LL p ermits man y natural subtheories (cf.[Gi87 , Gi95a]). F or a surv ey of the sur-

prisingly in tricate complexit y-theoretic structure of man y of the fragmen ts of LL see Lincoln [Li95].

These results often in v olv e direct and natural sim ulation of v arious kinds of abstract computing

mac hines within the logic [Sc95, Ka95]. Of course there are sp eci�c fragmen ts corresp onding to

v arious sub categories of categorical mo dels, in the next section. There are also fragmen ts directly

connected with classifying complexit y classes in computing [GSS92 , Gi97] but these latter ha v e not

b een the ob ject of categorical analysis.

More exotic \noncomm utativ e" fragmen ts of LL are obtained b y eliminating or mo difying the

p erm utation rule; i.e. one no longer assumes 
 is symmetric. One suc h precursor to LL is the w ork

of J. Lam b ek in the 1950's on categorial grammars in mathematical linguistics (for recen t surv eys,

see [L93, L95]). Here the language b ecomes y et more in v olv ed, since there are t w o implications � �

and � � and t w o negations A

?

and

?

A . It has b een pro v en b y P en tus [P en93] that Lam b ek grammars

are equiv alen t to con text-free grammars. In [L89 ] there is a form ulation of Lam b ek grammars using

the notion of m ulticategory , an idea curren tly of some in terest in higher-dimensional category theory

and higher dimensional rewriting theory [HMP98 ].

D.Y etter [Y90 ] considered cyclic linear logic, a v ersion of LL in whic h the p erm utation rule is

mo di�ed to only allo w cyclic p erm utations. This will b e discussed brie
y b elo w in Section 5.2

with resp ect to F ull Completeness. A prop osed classi�cation of di�eren t fragmen ts of LL, including

braided v ersions, based on Hopf-algebraic mo dels is in Blute [Blu96], see also Section 5.2.

4.2.4 Topology of Pr oofs

Let us brie
y men tion one of the main no v elties of linear logic. T raditional Gen tzen pro of theory

writes pro ofs as trees. In order to giv e a Curry-Ho w ard isomorphism to arbitrary sequen ts � ` �,

Girard in tro duced m ultiple-conclu sion graphical net w orks to in terpret pro ofs. These pr o of nets

use graph rewriting mo v es for their op erational seman tics. It is here that one sees the dynamic

asp ects of cut-elimination. In essense these net w orks are the \lam b da terms" of linear logic. There

are kno wn mathematical criteria to classify whic h (among arbitrary) net w orks arise from Gen tzen

sequen t pro ofs, i.e. in a sense whic h of these parallel net w orks are \sequen tializable" in to a Gen tzen

pro of tree. Homological asp ects of pro of nets are studied in [M � et94 ]

The tec hnology of pro of nets has gro wn in to an in tricate sub ject. In addition to their uses in

linear logic, pro of nets are no w used in category theory , as a tec hnical to ol in graphical approac hes

to coherence theorems for structured monoidal categories (e.g. [Blu93, BCST96, CS91, CS96b]).

There are pro of net theories for n umerous non-comm utativ e, cyclic, and braided linear logics, e.g.

[Abru91 , Blu93 , Fl96 , FR94, Y90].

The metho d of pro of nets has b een extended b y Y. Lafon t [Laf95] to a general graphical language

of computation, his inter action nets . These latter pro vide a simple mo del of parallel computation

with, at the same time, new insigh ts in to sequen tial computation.

4.3 What is a categorical mo del of LL?

4.3.1 General Models

As in Section 2.1, w e are in terested in �nding the categories appropriate to mo delling linear lo-

gic pro ofs (just as cartesian closed categories mo delled in tuitionistic ^ ; ) ; > pro ofs). The basic

equations w e p ostulate arise from the op erational seman tics{that is normalization of pr o ofs . In

the case of sequen t calculi, this is Gen tzen's Cut-Elimination pro cess [GL T]. Ho w ev er, there are
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sometimes natural categorical equations whic h are not decided b y traditional pro of theory . The

problem is further comp ounded in linear logic (and monoidal categories) in that there ma y b e

sev eral (non-canonical) candidates for appropriate monoidal structure.

The �rst categorical seman tics of LL is in Seely's pap er [See89], whic h is still p erhaps the

most readable accoun t. Subsequen t dev elopmen t of appropriate term calculi [Abr93 , Bie95, BBPH,

W94 , BCST96, CS91, CS96b] ha v e mo di�ed and enlarged the scop e, but not essen tially c hanged the

original analysis for the case of classical linear logic (= CLL). W e imp ose the follo wing equations

b et w een CLL pro ofs, in order to form a category C , where sequen ts are in terpreted as (equiv alence

classes of ) arro ws according to form ula (16), based on the rules in Figure 8.

� C is a symmetric monoidal close d c ate gory with pr o ducts, c opr o ducts, and units (from the

rules: Axiom, Cut, P erm, the Multiplicativ es and the Additiv es).

� C is � -autonomous (from the Negation rule) with 
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related b y de Morgan dualit y .

� ! : C ! C is an endofunctor, with asso ciated monoidal transformations " :! ! id

C

and � :! ! !!

satisfying:

1. (! ; � ; " ) forms a monoidal comonad on C .

2. There are natural isomorphisms

I

�

=

!1 and ! A 
 ! B

�

=

!( A � B ) :

making ! : ( C ; � ; 1) ! ( C ; 
 ; I ) a symmetric monoidal functor.

3. In particular, I

e

A

 � ! A

d

A

� ! ! A 
 ! A is a co comm utativ e comonoid, for all A in C and

the coalgebra maps "

A

:! A ! A and �

A

:! A ! !! A are comonoid maps. In fact, these

conditions are a consequence of (2), but are required explicitly in w eak er settings.

F or mo di�cations appropriate to more general situations (e.g. v arious fragmen ts of LL without

pro ducts, linearly distributiv e categories, etc.) see [Bie95, BCS96 ].

The essence of Girard's translation of in tuitionistic logic in to LL is the follo wing easy result (cf

[See89, Bie95]).

Prop osition 4.15 If C is a c ate goric al mo del of CLL, as ab ove, then the Kleisli c ate gory K

C

of the

c omonad (! ; � ; " ) is a c c c. Mor e over �nite pr o ducts in K

C

and C c oincide, while exp onentials in K

C

ar e given by: A ) B = (! A ) � � B .

W e should men tion one formal rule, MIX, whic h app ears frequen tly in the literature. T o express

it, w e use one-sided sequen ts:

Mix

` � ` �

` � ; �

Categorically , MIX en tails there is a map A 
 B ! A
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B . This rule seems to b e v alid in most

mo dels, certainly so in ones based on RT V E C .

Remark 4.16 The categorical comonad approac h to mo dels of linear logic has b een put to use b y

Asp erti in clarifying optimal graph reduction tec hniques in the un t yp ed lam b da calculus [Asp] (see

also [GAL92 ]).
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4.3.2 Concrete Models

There are b y no w man y categorical mo dels of LL and its in teresting fragmen ts. Let us just men tion

a few [Gi95a , T r92 ]:

� Posetal Mo dels or Gir ar d's Phase semantics . These are � -autonous p osets with additional

structure. This giv es an algebraic seman tics analogous to Bo olean or Heyting algebras for

classical (resp. in tuitionistic) logic. As categories they are trivial (eac h hom set has at most

one elemen t); hence they do not mo del pro ofs but rather pro v abilit y . There is asso ciated a

traditional T arski seman tics, with Soundness and Completeness Theorems. Recen tly , these

mo dels ha v e b een applied in Linear Concurren t Constrain t Programming, for pro ving \safet y"

prop erties of programs [FRS98].

� Domain-The or etic Mo dels . The category LIN = coheren t spaces and linear maps ga v e the

�rst non-trivial mo del of LL pro ofs. This mo del arose from Girard's analysis of the ccc ST AB,

realizing that there w ere man y other logical op erations a v ailable. Indeed, ST AB is the Kleisli

category of an approproate comonad (! ; � ; " ) on LIN (cf. Prop osition 4.15). In the mo del LIN,

! A is a minimal solution of the domain equation ! A

�

=

I � A � (! A 
 ! A ), indeed is a cofree

comonoid.

� R elational Mo dels . As discussed in Barr [Barr91 ], man y compact categories are complete

enough to in terpret

! A

�

=

? � A � E

2

( A ) � � � � � E

n

( A ) � � � �

where E

n

( A ) is the equalizer of the n ! p erm utations of the n th tensor p o w er A


 n

, for n � 2.

F or example, Barr pro v es Rel

�

has that prop ert y . More generally , Barr [Barr91 ] constructs

mo dels based on the Chu-sp ac e construction in [Barr79 ]. Ch u spaces are themselv es an

in teresting class of mo dels of LL and ha v e b een the sub ject of in tensiv e in v estigation b y M.

Barr and b y V aughn Pratt [Pra95 ]

� Games Mo dels . Categories of Games no w pro vide some of the most exciting new seman tics

for LL and Programming Languages. This so-called intensional semantics pro vides a �ner-

grained analysis of computation than traditional (categorical) mo dels, taking in to accoun t

the dynamic or in teractiv e asp ects of computation. F or example, suc h games can b e used to

mo del in teractions b et w een a System and its En vironmen t and pro vided the �rst syn tax-free

fully abstract mo dels of PCF, answ ering a long-standing op en problem. Games categories

ha v e b een extended to handle programming languages with man y additional prop erties, e.g.

con trol features, call-b y-v alue languages, languages with side-e�ects and store, etc. as w ell

as mo dern logics lik e LL, System F , etc. F or basic in tro ductions, see [Abr97 , Hy97 ]. F or a

small sample of more recen t w ork, see [Mc97 , AHMc98, AMc98, BDER97 ].

� GoI and F unctional A nalytic Mo dels : The Geometry of In teraction Program (see e.g. [Gi88 ,

Gi90 , Gi95b, DR95] ) aims to mo del the dynamics of cut-elimination b y in terpreting pro ofs

as ob jects of a certain C

�

algebra, with logical rules corresp onding to certain � -isomorphisms.

The essence of Gen tzen's cut-elimination theorem is summarized b y the so-called exe cution

formula . W e shall lo ok at an abstract form of the GoI program (in traced monoidal categories)

in Section 6.1. The GoI program itself has in
uenced b oth game seman tics and w ork on

optimal reduction.

� Finally , as the name suggests, linear logic is roughly inspired from linear algebra. Th us ! A

is analogous to the Grassmann algebra. Indeed, in categories of Hilb ert or Banac h spaces,
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one is reminded of the symmetric and an tisymmetric F o c k space construction [Ge85 ]. F or a

(non-categorical) Banac h space in terpretation of LL, see Girard [Gi96 ].

5 F ull Completeness

5.1 Represen tation Theorems

The most basic represen tation theorem of all is the Y oneda em b edding:

Theorem 5.1 (Y oneda) If A is lo c al ly smal l, the Y one da functor Y : A ! S et

A

op

, wher e Y ( A ) =

H om

A

( � ; A ) , is a ful ly faithful emb e dding.

Indeed, Y oneda preserv es limits as w ell as cartesian closedness.

W e seek mathematical mo dels whic h describ e the b eha viour of programs. F rom the viewp oin t

of the Curry-Ho w ard isomorphism (whic h iden ti�es pro ofs with programs) w e seek represen tation

theorems for pro ofs{i.e. mathematical mo dels whic h fully and faithfully represen t pro ofs. F rom

the viewp oin t of a logician, these are Completeness Theorems, but no w at the lev el of pro ofs rather

than pro v abilit y .

One of the �rst suc h theorems w as pro v ed b y H. F riedman [F rie73 ]. F riedman sho w ed com-

pleteness of t yp ed lam b da calculus with resp ect to ordinary set-theoretic reasoning. Consider the

pure t yp ed lam b da calculus L

)

, whose t yp es are generated from some base sorts b y ) only . W e

in terpret L

)

set-theoretically in a full t yp e hierarc h y A (see Example 2.3).

Theorem 5.2 (F riedman) L et A b e a ful l typ e hier ar chy with b ase sorts interpr ete d as in�nite

sets. Then for any pur e typ e d lamb da terms M ; N , M =

�

N is true in A i� M =

�

N is pr ovable

using the rules of typ e d lamb da c alculus.

Similar results but using instead full t yp e hierarc hies o v er ! -CPO or P er-based mo dels ha v e

b een giv en b y Plotkin and b y Mitc hell using logical relations (see [Mit96 ]). F riedman's original

Set -based theorem has b een extended b y Cubric to the en tire ccc language ) ; � ; 1 [Cu93 ] to yield

the follo wing

Theorem 5.3 (Cubric) L et C b e a fr e e c c c gener ate d by a gr aph. Then ther e exists a faithful c c c

functor F : C ! S et .

Alas this represen tation is not full.

Let B

G

= the free ccc with binary copro ducts generated b y discrete graph G , giv en syn tactically

b y t yp es and terms of t yp ed lam b da calculus. F or an y group G , the functor category S et

G

is a

ccc with copro ducts. So according to the univ ersal prop ert y , if F is an initial assignmen t of G -sets

to atomic t yp es then a pro of of form ula � , qua closed term M : � , qua F

G

-arro w M : 1 ! � ,

corresp onds to a G -set ( = equiv arian t) map M

F

: 1 ! �

F

. Suc h maps are �xed p oin ts under

the action. In particular, letting G = Z , w e obtain the easy half of the follo wing theorem, due to

L• auc hli [Lau]:

Theorem 5.4 (L• auc hli) A f> ; ^ ; ) ; _g -formula � of intuitionistic pr op ositional c alculus is pr ov-

able if and only if for every interpr etation F of the b ase typ es, its S et

Z

-interpr etation �

F

has an

invariant element.

Indeed, Harnik and Makk ai extend L• auc hli's theorem to a represen tation theorem. Recall, a functor

� is we akly ful l if H om ( A; B ) = ; implies H om (�( A ) ; �( B )) = ; .

Theorem 5.5 (Harnik, Makk ai [HM92 ]) L et B b e a c ountable fr e e c c c with binary c opr o ducts.

Ther e is a we akly ful l r epr esentation � of B into a c ountable p ower of S et

Z

. If in addition the
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terminal obje ct 1 is inde c omp osable, then ther e is a we akly ful l r epr esentation into S et

Z

.

A w eakly full represen tation of B corresp onds to c ompleteness with r esp e ct to pr ovability : i.e.

H om

S et

Z

(1 ; �( B )) 6= ; implies H om

B

(1 ; B ) 6= ; , so B is pro v able. W e shall giv e stronger repres-

en tation theorems still based on the idea of in v arian t elemen ts.

5.2 F ull Completeness Theorems

A recen t topic of considerable in terest is ful l c ompleteness theorems. Supp ose w e ha v e a free

category F . W e shall sa y that a mo del category M is ful ly c omplete for F or that w e ha v e ful l

c ompleteness of F with r esp e ct to M if the unique free functor (with resp ect to an y in terpretation

of the generators) � : F ! M is full. It is ev en b etter to demand that � is a fully faithful

represen tation.

F or example, supp ose F is a free ccc generated b y the t yp ed lam b da calculus (cf. Example

2.22). T o sa y a ccc M is fully complete for F means the follo wing: giv en an y in terpretation of

the generators as ob jects of M , an y arro w A ! B 2 M b et w een de�nable ob jects is itself

de�nable, i.e. of the form f for f : A ! B . If the represen tation is fully faithful, f is unique.

Th us, b y Curry-Ho w ard, an y morphism in the mo del b et w een de�nable ob jects is itself the image

of a pro of (or program); indeed of a unique pro of if the represen tation is fully faithful. Th us, suc h

mo dels M , while b eing seman tical, really capture asp ects of the syn tax of the language.

Suc h results are mainly of in terest when the mo dels M are \gen uine" mathematical mo dels not

apparen tly connected to the syn tax. In that case F ull Completeness results are more surprising

(and in teresting). F or example, an explicit use of the Y oneda em b edding Y : C ! S et

C

op

is not

what w e w an t, since S et

C

op

dep ends to o m uc h on C .

Probably the �rst full completeness results for free ccc's w ere b y Plotkin [Plo80 ], using categories

of logical relations. In the case of simply t yp ed lam b da calculus generated from a �xed base t yp e

(= the free ccc on one ob ject), Plotkin pro v ed the follo wing result. Consider the Henkin mo del T

B

= the ful l typ e hier ar chy over a set B , i.e. the full sub-ccc of Sets generated b y some set B . The

Soundness Theorem for logical relations sa ys that if a term f is lam b da de�nable, it is in v arian t

under all logical relations. W e ask for the con v erse.

The r ank of a t yp e is de�ned inductiv ely: rank( b ) = 0 , where b is a base t yp e, rank( � ) � )

= max f rank( � ) + 1, rank( � ) g , rank( � � � ) = max f rank( � ), rank( � ) g . The rank of an elemen t

f 2 B

�

in T

B

is the rank of the t yp e � .

Theorem 5.6 (Plotkin, [Plo80 ]) In the ful l typ e hier ar chy T

B

over an in�nite set B , al l elements

f of r ank � 2 satisfy: if f is invariant under al l lo gic al r elations, then f is lamb da de�nable.

This result has b een extended b y Statman [St85 ], but the same question for terms of arbitrary

rank is still op en. Ho w ev er Plotkin [Plo80 ] did pro v e the ab o v e result for lam b da terms of arbit-

rary rank, b y mo ving to Kripke L o gic al R elations rather than Set -based logical relations. Kripk e

relations o ccur essen tially b y replacing S et b y a functor category S et

P

op

, P a p oset, i.e. b y lo ok-

ing at P -indexed families of sets and relations. Extensions, with new c haracterizations of lam b da

de�nabilit y , are in w ork of Jung and Tiuryn [JT93 ]. A clear categorical treatmen t of their w ork,

and logical-relations-based full completeness theorems, is in Alimohamed [Ali95 ] (cf. also [Mit96 ]).

The name \F ull Completeness" �rst arose in Game Seman tics, where the fundamen tal pap er of

Abramsky and Jagadeesan [AJ94b] pro v ed full completeness for m ultiplicativ e linear logic (+ the

Mix rule), using categories of games with history-free winning strategies as morphisms. It is sho wn

there that \uniform" history-free winning strategies are the denotations of unique pro of nets. A

more in v olv ed notion of game, dev elop ed b y Hyland and Ong (see [Hy97 ]), p ermits eliminating the

Mix rule in pro ofs of full completeness for the m ultiplicativ es. These results pa v ed the w a y for the

most sp ectacular application of these game-theoretic metho ds: the solution of the F ull Abstraction
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problem for PCF, b y Abramsky ,Jagadeesan, and Malacaria and b y Hyland and Ong , referred to

in Section 4.3.2.

In [BS96 , BS96b, BS98] F ull Completeness for MLL + Mix and for Y etter's Cyclic Linear Logic

w ere also pro v ed using dinaturalit y and a generalization of La • uc hli seman tics. Let us brie
y recall

that view.

5.2.1 Linear L

•

auchli Semantics

Let C b e a � -autonomous category . Giv en an M LL form ula ' ( �

1

; : : : ; �

n

) built from 
 ; � � ; ( )

?

,

with t yp e v ariables �

1

; : : : ; �

n

, w e inductiv ely de�ne its functorial interpr etation ' ( �

1

; : : : ; �

n

) :

( C

op

)

n

� C

n

! C as follo ws:

� ' ( AB ) =

(

B

i

if ' ( �

1

; : : : ; �

n

) � �

i

A

?

i

if ' ( �

1

; : : : ; �

n

) � �

?

i

� '

1


 '

2

( AB ) = '

1

( AB ) 
 '

2

( AB ).

� '

1

� � '

2

( AB ) = '

1

( B A ) � � '

2

( AB ).

The last t w o clauses corresp ond to Equations 11 and 12 (follo wing Example 3.5 in Section 3.1). It

is readily v eri�ed that '

?

= '

?

. Also recall that in M LL , A � � B is de�ned as A
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B . F rom

no w on, let C = RT V E C .

The set D inat ( F ; G ) of dinatural transformations from F to G is a v ector space, under p oin t wise

op erations. W e call it the sp ac e of pr o ofs asso ciated to the sequen t F ` G (where w e iden tify

form ulas with de�nable functors.) If ` � is a one-sided sequen t, then D inat (�) denotes the set of

dinaturals from k to
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� . In suc h sequen ts, w e sometimes abbreviate
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� to � .

The follo wing is pro v ed in [BS96, BS98 ]. A binary sequen t is one where eac h atom app ears

exactly t wice, with opp osite v ariances.

Theorem 5.7 (F ull Completeness for Binary Sequen ts) L et F and G b e formulas in multi-

plic ative line ar lo gic, interpr ete d as de�nable multivariant functors on RT V E C . Given a binary

se quent F ` G , then D inat ( F ; G ) is zer o or 1-dimensional, dep ending on whether or not F ` G

is pr ovable. If it is pr ovable, every dinatur al is a sc alar multiple of the denotation of the unique

cut-fr e e pr o of (qua Gir ar d pr o of-net).

A diadditive dinatur al tr ansformation is one whic h is a linear com bination of substitution in-

stances of binary dinaturals. Under the same h yp otheses as ab o v e w e obtain:

Theorem 5.8 (F ull Completeness) The pr o of sp ac e D inat ( F ; G ) of diadditive dinatur al tr ans-

formations has as b asis the denotations of cut-fr e e pr o ofs in the the ory MLL+ M I X .

Example 5.9 The pr o of sp ac e of the se quent

�

1

; �

1

� � �

2

; �

2

� � �

3

; : : : ; �

n � 1

� � �

n

` �

n

has dimension 1, gener ate d by the evaluation dinatur al.

The pro ofs of the ab o v e results actually yield a fully faithful represen tation theorem for a free

� -autonomous category with M I X , canonically enric hed o v er v ector spaces ([BS98 ]).

In [BS98 ], a similar F ull Completeness Theorem and fully faithful represen tation theorem is

giv en for Y etter's Cyclic Linear Logic. In this case one emplo ys the category RT MO D ( H ) for a

Hopf algebra H . This is based on the follo wing observ ation [Blu96 ]:
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Prop osition 5.10 If H is a hopf algebr a with an involutive antip o de, i.e. S

2

= id then

RT MO D ( H ) is a cyclic � -autonomous c ate gory, i.e. a mo del of Y etter's cyclic line ar lo gic.

The particular Hopf algebra used is the sh u�e Hopf algebra, describ ed in [Ben, Haz, BS98]. Once

again w e consider form ulas as m ultiv arian t functors on RT V E C , but restrict the dinaturals to so-

called uniform dinatur als �

j V

1

j ; ��� ; j V

n

j

, i.e. those whic h are equiv arian t with resp ect to the H -action

induced from the atoms, for H -mo dules V

i

2 RT MO D ( H ). This is completely analogous to the

tec hniques used in logical relations.

Related results using Ch u spaces are in [Pra97 ].

4

6 F eedbac k and T race

6.1 T raced Monoidal Categories

This new class of categories, in tro duced b y Jo y al, Street, and V erit y [JSV96], ha v e sho wn surprising

connections to mo dels of computation and iteration. The original v ersions w ere v ery general, in-

cluding braided and tortile categories arising in sev eral branc hes of mathematics. A t the momen t,

most of the applications to computing omit an y braided structure. But ev en at the abstract lev el

of [JSV96], the authors illustrate a computational, geometric calculus somewhat akin to Girard's

pro of nets in linear logic [Gi87 ], and indeed some precise connections ha v e b een made [BCS98].

Moreo v er, the main construction in [JSV96] has b een sho wn b y Abramsky [Abr96 ] to ha v e fascin-

ating connections with Girard's GoI program, as already hin ted b y Jo y al, Street, and V erit y .

W e no w giv e a v ersion of traced symmetric monoidal categories. F or ease of readabilit y and

without loss of generalit y , w e consider strict monoidal categories (recall, from Mac Lane's coherence

theorem, that ev ery monoidal category is equiv alen t to a strict one).

De�nition 6.1 A tr ac e d symmetric monoidal c ate gory (= tmc) is a symmetric monoidal category

( C ; 
 ; I ; s ) (where s

X;Y

: X 
 Y � ! Y 
 X is the symmetry morphism) with a family of functions

T r

U

X;Y

: C ( X 
 U; Y 
 U ) � ! C ( X ; Y ), called a tr ac e , sub ject to the follo wing conditions:

� Natural in X , T r

U

X;Y

( f ) g = T r

U

X

0

;Y

( f ( g 
 1

U

)), where

f : X 
 U � ! Y 
 U , g : X

0

� ! X ,

� Natural in Y , g T r

U

X;Y

( f ) = T r

U

X;Y

0

(( g 
 1

U

) f ), where

f : X 
 U � ! Y 
 U , g : Y � ! Y

0

,

� Dinatural in U , T r

U

X;Y

((1

Y


 g ) f ) = T r

U

0

X;Y

( f (1

X


 g )),

where f : X 
 U � ! Y 
 U

0

, g : U

0

� ! U ,

� V anishing , T r

I

X;Y

( f ) = f and T r

U 
 V

X;Y

( g ) = T r

U

X;Y

( T r

V

X 
 U;Y 
 U

( g ))

for f : X 
 I � ! Y 
 I and g : X 
 U 
 V � ! Y 
 U 
 V .

� Sup erp osing , g 
 T r

U

X;Y

( f ) = T r

U

W 
 X;Z 
 Y

( g 
 f )

� Y anking , T r

U

U;U

( s

U;U

) = 1

U

.

4

Added in pro of: there has b een recen t progress on the ab o v e w ork. Masahiro Hamano (JAIST) has managed to

eliminate the use of dinaturals in the full completeness pro ofs in b oth of the Blute-Scott pap ers [BS96 , BS98 ], giving

a direct denotational in terpretation of MLL + Mix-full completeness in the categories of re
exiv e top ological v ector

spaces ab o v e. This pap er will app ear in A nn. Pur e and Applie d L o gic . Also Hamano has pro v ed MLL (without

Mix) full completeness in Barr's category of Re
exiv e T op ological Ab elian Groups, using P on trjagin dualit y and the

dinatural framew ork ab o v e. This will app ear in Math. Struc. in Computer Scienc e , in a v olume dedicated to the

75th birthda y of J. Lam b ek.
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Figure 9: The trace T r

U

X;Y

( f )

F rom a computer science viewp oin t, the essen tial feature is to think of T r

U

X;Y

( f ) as \feedbac k

along U ", as in Figure 9. The axiomatization giv en here di�ers sligh tly from those in [Abr96 , JSV96],

although it can b e sho wn to b e equiv alen t. W e shall lea v e it to the reader to dra w the diagrams for

the trace axioms. W e note ho w ev er that V anishing expresses trace along a tensor U 
 V in terms

of iterated traces along U and V . This is related to the so-called Beki � c Lemma in Domain Theory .

The ab o v e notion is really a p ar ametrize d tr ac e . The usual notion from linear algebra is when

X = Y = I (see Example 6.3) b elo w.

Example 6.2 R el

�

: The ob jects are sets, 
 = � (cartesian pro duct), and maps are binary

relations. Comp osition means comp osition of relations, and x T r

U

X;Y

y i� there exists a u suc h that

( x; u ) R ( y ; u ).

Example 6.3 V ec

f d

: Giv en f : X 
 U ! Y 
 U , de�ne T r

U

X;Y

( f )( x

i

) =

P

j;k

�

k j

ij

y

k

, where

f ( x

i


 u

j

) =

P

k ;m

�

k m

ij

y

k


 u

m

, where ( u

i

) ; ( x

j

) ; ( y

k

) are bases for U; X ; Y , resp. In the case that

X ; Y are one-dimensional, this reduces to the usual trace of a linear map f : U ! U , i.e. the usual

trace determines a function T r

U

: H om ( U; U ) ! H om ( I ; I ), where I = k .

Example 6.4 More generally , an y compact category has a canonical trace T r

U

X;Y

( f ) = X

�

=

X 


I

id 
 �

� ! X 
 U 
 U

?

f 
 id

� ! Y 
 U 
 U

?

id 
 ev

0

� ! Y 
 I

�

=

Y , where ev

0

= ev

o

s .

Example 6.5 ! -CPO

?

: with 
 = � , I = f?g . In this case the dinatural least-�xed-p oin t

com binator Y

�

: ( � )

( � )

! ( � ) induces a trace, giv en as follo ws (using informal lam b da calculus

notation): for an y f : X � U ! Y � U , T r

U

X;Y

( f )( x ) = f

1

( x; Y

U

( �u: f

2

( x; u ))), where f

1

= �

1

o

f :

X � U ! Y ; f

2

= �

2

o

f : X � U ! U: Hence T r

U

X;Y

( f )( x ) = f

1

( x; u

0

), where u

0

is the smallest

elemen t of U suc h that f

2

( x; u

0

) = u

0

. A generalization of this idea to tr ac e d c artesian c ate gories is

in [MHas97 ] and men tioned in Remark 6.16 in the next Section.

Unfortunately , these examples do not really illustrate the notion of feedbac k as data 
o w: the

mo v emen t of tok ens through a net w ork. More natural examples of traced monoidal categories in

the next section, giv en b y partially additiv e and similar iterativ e categories, more fully illustrate

this asp ect.

Example 6.6 Bic ate gories of Pr o c esses: The pap er of Katis, Sabadini, and W alters [KSW95 ]

dev elops a general theory of pro cesses with feedbac k circuits in symmetric monoidal bicategories.

They pro v e their bicategories C ir c ( C ) ha v e a parametrized trace op erator. A small di�erence

with the ab o v e treatmen t is that their feedbac k is giv en b y a family of p artial ly-de�ne d functors

f b

U

X;Y

: C ir c ( C )( X 
 U; Y 
 U ) � ! C ir c ( C )( X ; Y ).

Remark 6.7 The pap er [ABP97] dev elops a general theory of traced ideals in tensored � -categories.

The category HI LB , the tensored � -category of Hilb ert spaces and b ounded linear maps, illustrates

the di�cult y . In passing from the �nite dimensional case (cf. Example 6.3 ab o v e) to the in�nite

dimensional one, not all endomorphisms ha v e a trace; for example, the iden tit y on an in�nite

dimensional space. Ho w ev er T r

U

ma y b e de�ned on tr ac e d ide als of maps, and this extends to

parametrized traces. See [ABP97 ] for man y examples.
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Figure 10: Generalized Y anking

An am using folklore ab out traced monoidal categories is that general comp osition is actually

de�nable using traces of simple comp ositions:

Prop osition 6.8 (Generalized Y anking) L et C b e a tr ac e d symmetric monoidal c ate gory, with

arr ows f : X ! Y and g : Y ! Z . Then g

o

f = T r

Y

X;Z

( s

Y ;Z

o

( f 
 g )) :

Although a fairly short algebraic pro of is p ossible, the reader ma y wish to stare at the diagram

in Figure 10 , and do a \string-pulling" argumen t (cf. [JSV96]). Similar calculations are in [KSW95 ,

Mil94]

De�nition 6.9 Let C and D b e traced symmetric monoidal categories. A strong monoidal functor

F : C � ! D is tr ac e d if it is symmetric and satis�es

T r

F U

F A;F B

( �

� 1

B ;U

( F f ) �

A;U

) = F ( T r

U

A;B

( f ))

where A 
 U

f

� ! B 
 U and F A 
 F U

�

A;U

� ! F ( A 
 U )

F f

� ! F ( B 
 U )

�

� 1

B ;U

� ! F B 
 F U: In the case of

strict monoidal functors, they are traced if they preserv e the trace on the nose.

W e de�ne T raMon and T raMon

st

to b e the 2-categories whose 0-cells are traced monoidal

categories (resp. strict traced monoidal categories) , whose 1-cells are traced monoidal functors

(resp. strict traced monoidal functors), and whose 2-cells are monoidal natural transformations.

6.2 P artially Additiv e Categories

W e shall b e in terested in sp ecial kinds of traced monoidal categories: those whose homsets are

enric hed with certain partially-de�ned in�nite sums, whic h p ermits canonical calculation of iteration

and traces (see form ulas 17 and 18 b elo w). A useful example is Manes and Arbib's p artial ly additive

c ate gories , whic h �rst arose in their categorical analysis of iterativ e and 
o w c hart sc hema [MA86 ]).

Categories with similar additiv e structure on the hom-sets had already b een considered in the

1950's b y Kuro � s [Ku63] with regards to categorical Krull-Sc hmidt-Remak theorems.

De�nition 6.10 A p artial ly additive monoid is a pair ( M ; �), where M is a nonempt y set and �

is a partial function whic h maps coun table families in M to elemen ts of M (w e sa y that ( x

i

j i 2 I )

is summable if � ( x

i

j i 2 I ) is de�ned)

5

sub ject to the follo wing:

1. Partition-Asso ciativity Axiom . If ( x

i

j i 2 I ) is a coun table family and if ( I

j

j j 2 J ) is a

(coun table) partition of I , then ( x

i

j i 2 I ) is summable if and only if ( x

i

j i 2 I

j

) is summable

for ev ery j 2 J and (� ( x

i

j i 2 I

j

) j j 2 J ) is summable. In that case,

� ( x

i

j i 2 I ) = � (� ( x

i

j i 2 I

j

) j j 2 J )

5

W e sometimes abbreviate �( x

i

j i 2 I ) b y �

i 2 I

x

i

. Throughout, \coun table" means �nite or den umerable. All

index sets are coun table. A p artition f I

j

j j 2 J g of I satis�es: I

j

� I , I

i

\ I

j

= ; if i 6= j , and [f I

j

j j 2 J g = I .

But w e also allo w I

j

= ; for coun tably man y j .
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2. Unary Sum Axiom . An y family ( x

i

j i 2 I ) in whic h I is a singleton is summable and � ( x

i

j i 2

I ) = x

j

if I = f j g .

3

�

.

Limit Axiom . If ( x

i

j i 2 I ) is a coun table family and if ( x

i

j i 2 F ) is summable for ev ery

�nite subset F of I then ( x

i

j i 2 I ) is summable.

W e observ e the follo wing facts ab out partially additiv e monoids:

(i) Axioms 1 and 2 imply that the empt y family is summable. W e denote �( x

i

j i 2 ; ) b y 0,

whic h is an additiv e iden tit y for summation.

(ii) Axiom 1 implies the ob vious equations of comm utativit y and asso ciativit y for the sum (when

de�ned).

(iii) Although Manes and Arbib use the Limit Axiom to pro v e existence of Elgot-st yle iteration

(see b elo w), Kuro � s did not ha v e it. And for man y asp ects of the theory b elo w, it is not

needed.

De�nition 6.11 The category of p artial ly additive monoids , P AMon , is de�ned as follo ws. Its

ob jects are partially additiv e monoids ( M ; �). Its arro ws ( M ; �

M

)

f

� ! ( N ; �

N

) are maps from

M to N whic h preserv e the sum, in the sense that: f (�

M

( x

i

j i 2 I )) = �

N

( f ( x

i

) j i 2 I ) for all

summable families ( x

i

j i 2 I ) in M . Comp osition and iden tities are inherited from Sets .

A P AMon -category C is a category enric hed in P AMon . This means the hom-sets carry a

P AMon -structure, compatible with comp osition. In particular, in eac h homset H om

C

( X ; Y ) there

is a zero morphism 0

X Y

: X � ! Y , the sum of the empt y family .

Remark 6.12 In a P AMon -category C

1. The family of zero morphisms f 0

X Y

g

X;Y 2C

satis�es: g 0

W Z

= 0

W Y

= 0

X Y

f for an y f : W ! X

and g : Z ! Y .

2. If �

i 2 I

f

i

= 0

X Y

then all summands f

i

= 0

X Y

in H om

C

( X ; Y ).

De�nition 6.13 Let C b e a P AMon -category with coun table copro ducts

L

i 2 I

X

i

. F or an y j 2 I

w e de�ne quasi pr oje ctions P R

j

:

L

i 2 I

X

i

� ! X

j

as follo ws:

P R

j

in

k

=

(

id

X

j

if k = j

0

X

k

X

j

else

De�nition 6.14 A p artial ly additive c ate gory (pac) C is a P AMon -category with coun table cop-

ro ducts whic h satis�es the follo wing axioms:

1. Comp atible Sum Axiom : If ( f

i

j i 2 I ) 2 C ( X ; Y ) is a coun table family and there exists

f : X � ! I :Y suc h that P R

i

f = f

i

(w e sa y the f

i

are c omp atible ), then

P

f

i

exists.

2. Untying Axiom : If f + g : X � ! Y exists then so do es in

1

f + in

2

g : X � ! Y + Y .

The follo wing facts ab out partially additiv e categories follo w from Manes and Arbib [MA86 ]:

� Matrix R epr esentation of maps : F or an y map f :

L

i 2 I

X

i

!

L

j 2 J

Y

j

there is a unique family

f f

ij

: X

i

! Y

j

g

i 2 I j 2 J

with f =

P

i 2 I j 2 J

in

j

f

ij

P R

i

and P R

j

f in

i

= f

ij

. Notation: w e write

f

X

i

Y

j

for f

ij

.
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Figure 11: Elgot Dagger g

y

� Elgot Iter ation Giv en X

g

� ! Y + X , there exists X

g

y

� ! Y where g

y

=

P

1

n =0

g

X Y

g

n

X X

, satisfying

the �xe d-p oint identity

[1

Y

; g

y

] g = g

y

:(17)

This corresp onds to the 
o w c hart sc heme in Figure 11. The pro of of Elgot iteration

([MA86 ],p.83) uses the Limit Axiom.

Prop osition 6.15 A p artial ly additive c ate gory C is tr ac e d monoidal with 
 = c opr o duct and if

f : X � U � ! Y � U ,

T r

U

X;Y

( f ) = [1

Y

; f

y

2

] f

1

= f

X Y

+

1

X

n =0

f

U Y

f

n

U U

f

X U

(18)

wher e f = [ f

1

; f

2

] with f

1

: X � ! Y � U , f

2

: U � ! Y � U .

F orm ula (18) corresp onds to the data 
o w in terpretation of trace-as-feedbac k in Figure 9 : see

the examples b elo w. W e should also remark that F orm ula (18) corresp onds closely to Girard's

Exe cution F ormula [Abr96] and is related to a construction of Geometry of In teraction categories

in the next section.

Remark 6.16 Con v ersely , a traced monoidal category where 
 is copro duct has an Elgot iterator

g

y

= T r

X

X;Y

([ g ; g ]), where g : X ! Y + X . An axiomatization of the opp osite of suc h categories,

whic h corresp ond to categories with a parametrized Y com binator, is considered in Hasega w a

[MHas97 ]. More generally , Hasega w a considers traced monoidal categories built o v er cartesian

categories and it is sho wn ho w v arious t yp ed lam b da calculi with cyclic sharing are Sound and

Complete for suc h categorical mo dels.

Finally , w e should men tion the general notion of Iter ation The ories . These general categorical

theories of feedbac k and iteration, their axiomatization and equational logics ha v e b een studied

in detail b y S.L. Blo om and Z.

�

Esik in their b o ok [BE93]. A more recen t 2-categorical study of

iteration theories is in [BELM].

W e shall no w giv e a few imp ortan t examples of pac's:

Example 6.17 Rel

+

, the category of sets and relations. Ob jects are sets and maps are binary

relations. Comp osition means relational comp osition. The iden tit y is the iden tit y relation, and

the zero morphism 0

X Y

is the empt y set ; � X � Y . Copro ducts

L

i 2 I

X

i

are as in Set , i.e.

disjoin t union. A l l coun table families are summable where �

i 2 I

( R

i

) = [

i 2 I

R

i

. Finally , let R

�

b e

the re
exiv e, transitiv e closure of a relation R . Supp ose

R : X + U � ! Y + U . Then form ula (18) b ecomes:

T r

U

X;Y

( R ) = R

X Y

[

[

n � 0

R

U Y

o

R

n

U U

o

R

X U

(19)

= R

X Y

[ R

U Y

o

R

�

U U

o

R

X U

:
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Example 6.18 Pfn , the category of sets and partial functions. The ob jects are sets, the maps

are partial functions. Comp osition means the usual comp osition of partial functions. The zero map

0

X Y

is the empt y partial function. A family f f

i

j i 2 I g is said to b e summable i� 8 i; j 2 I ; i 6=

j; D om ( f

i

) \ D om ( f

j

) = ; : �

i 2 I

f

i

is the partial function with domain [

i

D om ( f

i

) and where

(�

i 2 I

f

i

)( x ) =

(

f

j

( x ) if x 2 D om ( f

j

)

unde�ned else

The follo wing example comes from Giry [Giry] (inspired from La wv ere) and is men tioned in

[Abr96 ]. The fact that this is a pac follo ws from w ork of P . P anangaden and E. Hagh v erdi.

Example 6.19 SRel , the category of Sto c hastic Relations. Ob jects are measurable spaces ( X ; �

X

)

where X is a set and �

X

is a � -algebra of subsets of X . An arro w f : ( X ; �

X

) � ! ( Y ; �

Y

) is a

transition probabilit y , i.e., f : X � �

Y

� ! [0 ; 1] suc h that f ( � ; B ) : X � ! [0 ; 1] is a measurable

function for �xed B 2 �

Y

and f ( x; � ) : �

Y

� ! [0 ; 1] is a subprobabilit y measure (i.e., a � -additiv e

set function satisfying f ( x; ; ) = 0 and f ( x; Y ) � 1). The iden tit y morphism id

X

: ( X ; �

X

) � !

( X ; �

X

) is a map id

X

: X � �

X

� ! [0 ; 1], with id

X

( x; A ) = � ( x; A ), where for A �xed, � ( x; A ) is

the c haracteristic function of A and for x �xed, � ( x; A ) is the Dirac distribution.

Comp osition is de�ned as follo ws: giv en f : ( X ; �

X

) � ! ( Y ; �

Y

) and g : ( Y ; �

Y

) � ! ( Z ; �

Z

),

g

o

f : ( X ; �

X

) � ! ( Z ; �

Z

) is g

o

f ( x; C ) =

R

Y

g ( y ; C ) d f f ( x; � ) g , where the notation d f f ( x; � ) g means

that w e are �xing x and using f ( x; � ) as the measure for the in tegration, the function b eing in tegrated

is the measurable function g ( � ; C ).

Giv en ( X ; �

X

) and ( Y ; �

Y

), the zer o morphism 0

X Y

: ( X ; �

X

) � ! ( Y ; �

Y

), is giv en b y

0

X Y

( x; B ) = 0 for all x 2 X and B 2 �

Y

.

The partially additiv e structure on the homsets of SRel is as follo ws: w e sa y an I -indexed family

of morphisms f f

i

j i 2 I g is summable if for all x 2 X w e ha v e

P

i 2 I

f

i

( x; Y ) � 1 : Since w e are dealing

with b ounded, p ositiv e measures it is easy to v erify that the sum so de�ned is a subprobabilit y

measure. Note that w e w ould ha v e only trivial additiv e structure (only singleton families summable)

if w e had used probabilit y distributions rather than subprobabilit y distributions.

Finally , let f X

i

j i 2 I g b e a coun table family of ob jects. W e de�ne the copro duct

L

i 2 I

X

i

as

follo ws. W e tak e the disjoin t union of the sets X

i

, equipp ed with the eviden t � -algebra. Th us a

measurable subset will lo ok lik e the disjoin t union of measurable subsets of eac h of the X

i

, sa y

] A

i

(of course some of the A

i

ma y b e empt y , and a p oin t will b e a pair ( x; i ) where i 2 I and

x 2 X

i

). The canonical injections in

j

: X

j

� !

L

i 2 I

X

i

are in

j

( x; ] A

i

) = � ( x; A

j

). Giv en Y and

8 i 2 I , arro ws h

i

: X

i

� ! Y , w e obtain the mediating morphism h :

L

i 2 I

X

i

� ! Y b y the form ula

h (( x; j ) ; B ) = h

j

( x; B ). The v eri�cations are all routine.

The next example, while not a pac, is essen tially similar.

Example 6.20 P inj , the category of sets and injectiv e partial functions. This is a fundamen tal

example that arises in Girard's Geometry of In teraction program. Although this category is traced

monoidal, with an iterativ e trace form ula giv en in Abramsky [Abr96 ], it do es not ha v e copro ducts.

Ho w ev er its pac-lik e asp ects ma y b e captured in a Kuro � s-st yle presen tation via a generalization

of partially additiv e categories, in whic h coun table copro ducts are replaced b y coun table tensors,

and in whic h suitable axioms guaran tee (analogously to pacs): a matrix represen tation of maps

N

i 2 I

X

i

!

N

j 2 J

Y

j

and a trace form ula as in (18).

6.3 GoI Categories

Girard's Geometry of In teraction (GoI) program in tro duces some profound new t wists in to com-

putation theory . In particular, the idea that pro ofs are lik e dynamical systems, in teracting lo cally .
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The dynamics of information 
o w in comp osition, via cut-elimination, is then related to tracing

out paths in certain algebraic structures (Girard originally used op erator algebras but the results

can b e expressed without them [Gi95b]). The connection of Girard's functional analytic metho ds

in GoI with lam b da calculus and pro of nets is further explored in [DR95, MaRe91 ].

Starting with a traced monoidal category C , w e no w describ e a compact closed category G ( C )

(called I nt ( C ) in [JSV96]) whic h captures in abstract form man y of the features of Girard's Geo-

metry of In teraction program, as w ell as the general ideas b ehind game seman tics. W e follo w the

ev o cativ e treatmen t in Abramsky [Abr96 ]. The idea is to create a category whose comp osition is

giv en b y an iterativ e feedbac k form ula, using the trace.

De�nition 6.21 (The Ge ometry of Inter action construction) Giv en a traced monoidal category C

w e de�ne a compact closed category , G ( C ), as follo ws [JSV96 , Abr96]:

� Ob jects: P airs of ob jects ( A

+

; A

�

) where A

+

and A

�

are ob jects of C .

� Arro ws: An arro w f : ( A

+

; A

�

) � ! ( B

+

; B

�

) in G ( C ) is an arro w f : A

+


 B

�

� ! A

�


 B

+

in C .

� Iden tit y: 1

( A

+

;A

�

)

= �

A

+

;A

�
.

� Comp osition: giv en b y symmetric feedbac k. Arro ws f : ( A

+

; A

�

) � ! ( B

+

; B

�

) and g :

( B

+

; B

�

) � ! ( C

+

; C

�

) ha v e comp osite g

o

f : ( A

+

; A

�

) � ! ( C

+

; C

�

) giv en b y:

g

o

f = T r

B

�


 B

+

A

+


 C

�

;A

�


 C

+

( � ( f 
 g ) � )

where � = (1

A

+

 1

B

�

 �

C

�

;B

+
)(1

A

+

 �

C

�

;B

�

 1

B

+
) and � = (1

A

�

 1

C

+

 �

B

+

;B

�
)(1

A

�



�

B

+

;C

+


 1

B

�

)(1

A

�


 1

B

+


 �

B

�

;C

+

). An informal picture displa ying g

o

f is giv en b elo w.

?

?

?

?�

�

�

�

�

�

�

�

�

�

?

B

B

B

B

B

B

B

B

B

B

?

A

+

B

�

B

+

C

�

B

+

B

�

C

+

A

�

gf

� T ensor: ( A

+

; A

�

) 
 ( B

+

; B

�

) = ( A

+


 B

+

; A

�


 B

�

) and for ( A

+

; A

�

) � ! ( B

+

; B

�

) and

g : ( C

+

; C

�

) � ! ( D

+

; D

�

), f 
 g = (1

A

�

 �

B

+

;C

�

 1

D

+
)( f 
 g )(1

A

+

 �

C

+

;B

�

 1

D

�
)

� Unit: ( I ; I ).

� Dualit y: The dual of ( A

+

; A

�

) is giv en b y ( A

+

; A

�

)

?

= ( A

�

; A

+

) where the unit � : ( I ; I ) � !

( A

+

; A

�

) 
 ( A

+

; A

�

)

?

=

def

�

A

�

;A

+

and counit � : ( A

+

; A

�

)

?


 ( A

+

; A

�

) � ! ( I ; I ) =

def

�

A

�

;A

+
:

� In ternal Homs: As usual, ( A

+

; A

�

) � � ( B

+

; B

�

) = ( A

+

; A

�

)

?


 ( B

+

; B

�

) = ( A

�


 B

+

; A

+




B

�

).
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Remark 6.22 W e ha v e used a sp eci�c de�nition for � and � ab o v e; ho w ev er, an y other p erm uta-

tions A

+


 C

�


 B

�


 B

+

�

=

� ! A

+


 B

�


 B

+


 C

�

and A

�


 B

+


 B

�


 C

+

�

=

� ! A

�


 C

+


 B

�


 B

+

for � and � resp ectiv ely will yield the same result for g

o

f due to coherence.

T ranslating the w ork of [JSV96] in our setting w e obtain that G ( C ) is a kind of \free compact

closure" of C :

Prop osition 6.23 L et C b e a tr ac e d symmetric monoidal c ate gory

� G ( C ) de�ne d as in De�nition 6.21 is a c omp act close d c ate gory. Mor e over, F

C

: C � ! G ( C )

de�ne d by F

C

( A ) = ( A; I ) and F

C

( f ) = f is a ful l and faithful emb e dding.

� The inclusion of 2-c ate gories C ompC l , ! T r aM on has a left biadjoint with unit having

c omp onent at C given by F

C

.

F ollo wing Abramsky [Abr96 ], w e in terpret the ob jects of G ( C ) in a game-theoretic manner: A

+

is the t yp e of \mo v es b y Pla y er (the System)" and A

�

is the t yp e of \mo v es b y Opp onen t (the

En vironmen t)". The comp osition of morphisms in G ( C ) is the k ey to Girard's Execution form ula,

esp ecially for pac-lik e traces. In [Abr96] it is p oin ted out that G ( P inj ) is essen tially the original

Girard formalism, while G ( ! -CPO ) is the data-
o w mo del of GoI giv en in [AJ94a ].

6

7 Literature Notes

In the ab o v e w e ha v e merely touc hed on the large and v aried literature. The journals Mathematic al

Structur es in Computer Scienc e (Cam b. Univ. Press) and The or etic al Computer Scienc e (Elsevier)

are standard v en ues for categorical computer science. Tw o recen t graduate texts emphasizing

categorical asp ects are J. Mitc hell [Mit96 ] and R. Amadio and P .-L. Curien [A C98 ]. Mitc hell's

b o ok has an encyclop edic co v erage of the ma jor areas and recen t results in programming language

theory . The Amadio-Curien b o ok co v ers man y recen t topics in domain theory and lam b da calculi,

including full abstraction results, foundations of linear logic, and sequen tialit y .

W e regret that there are man y imp ortan t topics in categorical computer science whic h w e

barely men tioned. W e particularly recommend the comp endia [PD97 , FJP, A GM ]. Let us giv e a

few p oin ters with sample pap ers:

� Op er ational and Denotational Semantics: See the surv eys in the Handb o ok[A GM ]. The clas-

sical pap er on solutions of domain equations is [SP82 ]. F or some recen t directions in domain

theory , see [FiPl96, ReSt97]. F or recen t categorical asp ects of Op erational Seman tics, see

[Pi97 , TP96] . Higher-dimensional category theory has also generated considerable theoretical

in terest (e.g. [Ba97 , HMP98]). Coalgebraic and coinductiv e metho ds are a fundamen tal tec h-

nique and ha v e considerable in
uence (e.g. see [AbJu94, Pi96a, Mul91, CSp91, JR , Mil89 ]).

� Fibr ations and Indexe d Cate gory Mo dels This imp ortan t area arising from categorical logic

is fundamen tal in treating dep enden t t yp es, System F ; F

!

; � � � mo dels, and general v ariable-

binding (quan ti�er-lik e) op erations, for example \hiding" in certain pro cess calculi. F or �bred

category mo dels of dep enden t t yp e-theories, see the surv ey b y M. Hofmann [H97a ] (cf. also

[P o wTh97 , HJ95, Pi9? , See87]). Indexed category mo dels for Concurr ent Constr aint L o gic

Pr o gr amming are giv en in [PSSS, MPSS95] (see also [FRS98] for connections of this latter

paradigm to LL).

6

Added in pro of: recen t progress on these matters has b een ac hiev ed in the PhD thesis of Esfan Hagh v erdi, Dept.

of Mathematics, U. Otta w a, F eb. 2000, and in a pap er, to app ear in the Lam b ek F estsc hrift, Math. Structur es in

Computer Scienc e . See also http://aix1. uot tawa.c a/ � ehaghver
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� Computational Monads : E. Moggi greatly in
uenced programming language seman tics and

asso ciated logics using the categorists' notion of monads and comonads [Mac71 ]. Moggi's ap-

proac h p ermits a mo dular treatmen t of suc h imp ortan t programming features as: exceptions,

side-e�ects, non-determinism, resumptions, dynamic allo cation, etc, as w ell as their asso ci-

ated logics [Mo97 , Mo91 ]. Practical uses of monads in functional programming languages are

discussed in P . W adler ([W92 ]). More recen tly , E. Manes ([M98 ]) sho w ed ho w to use monads

to implemen t collection classes in Ob ject-Orien ted languages. Alternativ e category-theoretic

p ersp ectiv es on Moggi's w ork are in P o w er and Robinson's [P o wRob97 ].

� Concurr ency The ory and Cate goric al Bisimulation: This large and imp ortan t area is surv ey ed

in Winsk el and Nielsen[WN97]. In particular, the fundamen tal notion of bisim ulation via op en

maps, is in tro duced in Jo y al, Nielsen, and Winsk el [JNW]. Presheaf mo dels for Milner's � -

calculus ([Mil93a]) and other concurren t calculi are in [CaWi , CSW]. F or categorical w ork

on Milner's recen t Action Calculi, see [GaHa , Mil93b , Mil94, P96 ].

� Complexity The ory: Characterizing feasible (e.g. p olynomial-time) computation is a ma jor

area of theoretical computer science (e.g. [Cob64 , Co ok75 ]). T yp ed lam b da calculi for feasible

higher-order computation ha v e recen tly b een the sub jects of in tense w ork, e.g. [CoKa, CU93].

V ersions of linear logic ha v e b een dev elop ed to analyze the �ne structure of feasible computa-

tion ([GSS92 , Gi97] ). Although there are some kno wn mo dels ([K OS97 ]), general categorical

treatmen ts for these v ersions of LL are not y et kno wn. Recen tly , M. Hofmann (e.g. [H97a ])

has analyzed the w ork of Co ok and Urquhart [CU93 ] as w ell as giving higher-order extensions

of w ork of Bellan toni and Co ok , using presheaf and sheaf categories.

Three v olumes [MR97 , FJP, GS89] are conferences sp ecializin g in applications of categories

in computer science (note [MR97] is the 7th Biennial suc h meeting). Similarly , see the biennial

meetings of MFPS (Mathematical F oundations of Programming Seman tics){published in either

Springer Lecture Notes in Computer Science or the journal The or etic al Computer Scienc e . There

is curren tly an electronic w ebsite of categorical logic and computer science, HYP A TIA.

Other b o oks co v ering categorical asp ects of computer science and/or some of the topics co v ered

here include[AL91 , BW95 , Cu93, DiCo95 , Gun92, MA86 , T a y98 ]. In categorical logic and pro of

theory , w e should men tion our o wn b o ok with J. Lam b ek [LS86 ] whic h b ecame p opular in theoretical

computer science. The category theory b o ok of F reyd and Scedro v [F rSc] is a source b o ok for

Represen tation Theorems and categories of relations.
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