7. Indexed and Internal Categories

Chapter 7

INDEXED AND INTERNAL CATEGORIES

7.1 Indexed Categories

In this section we introduce the basic notions of the Theory of Indexed Categories. In order to
improve readability, the following exposition is an (over)simplification of the usual, and more
general, approach. In particular, many of the concepts we define up to equality can be defined up to a
fixed collection of canonical isomorphisms. In this case, the indexed notions introduced in the theory
are required to satisfy a suitable set of coherence conditions, which play a quite marginal role, but
conversely can easily puzzle the reader who is approaching the Theory of Indexed Categories for the
first time. The reader who is interested in more notions in this branch of Category Theory should

consult the References.

7.1.1 Definition Let CAT be the (meta)category of all categories, and S be a category. An S-
indexed category is a functor A: SO°P—CAT .

More explicitly, an S-indexed category A is defined by the following data:
i. for every object s of S, a category A(s), called the category of s-indexed families of objects of A;
ii. for every morphism f: s—s' of S, a functor A(f): F(s")—F(s), called the substitution functor

determined by f, and frequently denoted as £~

Example A simple but important example is the S-indexing S/: SOP—CAT of S itself. S/ takes
every object r of S to the comma category S/r. Remember that the objects of S/s are arrows h: s—r
with codomain r. These arrows should be intuitively thought of as families {h-lay iery. If f
s—>s' is an arrow of S, then f*: S/s'—S/s is the pulling back functor. Note that pullbacks are
usually defined only up to isomorphism, while we are here implicitly supposing a canonical choice.
As a matter of fact, the pullback and the associated “functor” are the basic examples of notions

profitably defined up to isomorphism, which we mentioned in the introduction.

7.1.2 Definition Let A, B: SOP —=CAT be two S-indexed categories.
1. The product category AxB: SOP —CAT is defined by

AxB(s) = A(s)xB(s)

AxB(f) = A(NxB(f);
2. The dual category AOP: SOP —CAT is defined by

AOP(s) = A(s)°P
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ACP(f) = A(f)°P
where A(f)°P : A(s')OP—A(s)OP is the defined in the obvious way;
3.If r is an object of S, the S-indexed category AT is defined by
Al(s) = A(rxs)
A(f) = A(idyxf).

7.1.3 Definition Let A, B be two S-indexed categories. An S-indexed functor H: A—B is a
natural transformation from A: SOP—CAT to B: S0P —CAT.

Thus, an S-indexed functor H: A—B is a collection of functors H(s): A(s)—>B(s), for s object of
S, such that for any f: s—=s'"in S, H(s) o A(f) = B(f) o H(s') (H(s) ° *=fo H(s").

Given two indexed functors H: A—B and K: B—C, their composition K ° H : A—C is defined
component-wise (being the composition of natural transformations), i.e., (K ¢ H)(s) = K(s) o H(s).

The identity idA: A—A, is the identity natural transformation from A to A.

7.1.4 Definition Let H: A—B, K: A—B, be two S-indexed functors. An S-indexed natural
transformation t: H—K consists of a natural transformation t(s): H(s)—K(s) for any object s
of S such that, for any f:s—s' in S,

(f)  s) °A(f) = B(f) ex(s')  (t(s) of =f" o(s') ).

The previous definition is more complex than it seems at first sight. Note that t(s): H(s)—=K(s),
T(s'): H(s'")—K(s') are natural transformations, while A(f): A(s")—=A(s) and B(f): B(s")—B(s) are
functors. We are thus composing natural transformations and functors in the way described at the end
of section 3.2. t(s) o A(f) and B(f) o t(s') are natural transformations of the following type:

T(s) ° A(D) : H(s) o A(f) = K(s) ° A(f)

B(f) o t(s") : B(f) e H(s) — B(f) ° K(s)).
But, according to the definition of S-indexed functors, for any f: s—s', one has H(s) ¢ A(f) = B(f)
H(s") and K(s) o A(f) = B(f) ° K(s'), thus equation () is well typed.

Spelling out the composition of natural transformations and functors in (), we have for any f:
s—s' in S and any object a in A(s'),
TS)A(f)(a) = BOEE))

where the previous equation holds in the category B(s).

The previous situation can be summarized in the following diagram:
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a)—— ypee
&(f) B{f)
&is) Hs) YB(s)
id
A(D) )
id
. v . T
415" PR
&40 Bl It
A(3) hd »B(s)
K(3)

(Vertical) composition of S-indexed natural transformations is defined componentwise, that is, given
H,K,L: A—=B,t: H=K and p: K—=L, pot: H—=L is given by (p °t)(s) = p(s) o t(s). Thisis a
good definition since, for any f: s—s' in S and any object a in A(s"),
(P DEAM)@) = (PS) > TS)A(f)(a)
PEAD(@) © UDAD(a)
B(H)(p(s)a) ° B(H)(T(s)a)
B(H)(p(s)a ° ©(s)a)
B(H)((p > T)(s")a)-

7.1.5 Definition Let A, B be S-indexed categories, H: A—B, K: B—A be S-indexed functors,
and 1:idA—KH, ¢: HK—idg be S-indexed natural transformations. <H, K, n, e> : A—B is an
S-indexed adjunction if and only if

(Ke) °(nK) = idg

(¢H) o(Hn) = idy .

The notion of indexed adjunction is the obvious generalization of the usual notion of adjunction. In
particular it is easy to check that for any object s of S, <H(s), K(s), n(s), €(s)>: A(s)—>B(s) is an
adjunction in the usual sense.

The main problem with the definition of adjunction as a quadruple <H, K, n, e>: A—=B isin its
generalization of the case with parameters (remember that the definition of exponents requires an
adjunction of this kind). As a triple, an indexed adjunction can be defined in the following, somewhat

informal, way:

7.1.6 Definition Let A, B be S-indexed categories, and H: A—B, K: B—A be S-indexed
functors. <H, K, ¢§> : A—B is an S-indexed adjunction if and only if, for every f: s—s'in S,
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i. <H(s), K(s), ¢(s)> : A(s)—B(s) is an adjunction
ii. §(s) °B() = A(f) 2 @(s) (9(s) of =f" o (s) )

Equation 11 expresses the naturality of the isomorphism ¢ with respect to the index s. Spelling out
the composition in ii, we can say that for any f: s—s', a in A(s'), b in B(s'), and g: H(s")(a)—=b in
B(s'),

D(S)A(f)(a),B(N)(b) BH(2) = A(D) (9(s)a,b(2)

¢ a,b
B{s")[H(s"){a),b] ¥ A(s)[a,K(s')(b)]
EB(f) AL
B{s)[B{f)H(s"){a) B{f)(b)] 5 As)[AD{a) ADK(s")(b)]
s A(f)(a) B{f)(b) 2

B{s)[H(s)AD)(a), B((H)] b A(3)[A(D)(2) K(SIBID(b)]

Suppose we have an adjunction <H, K, n, e>: A—B. Then we obtain ¢ in definition 7.1.6 by
letting, for any a in A(s), b in B(s), and g: H(s)(a)—b in B(s),

$(s)a,b(g) = &(s)p ° H(s)(g)
As we know from chapter 5, for any s in S, ¢(s)a b: B(s)[H(s)(a),b]—=A(s)[a,K(s)(b)] is an
isomorphism. We now prove that the previous definition of ¢(s) satisfies equation ii in definition
7.1.6. For any f: s—s', a in A(s'), b in B(s'), and g: H(s')(a)—=b in B(s'), we have

A(D) (9(sHa,b(8) = A(D) (e(s)p © H(s)(g)) by def. of ¢(s")
= A(f) (e(s")p) ° A(D) (H(s)(g)) since A(f) is a functor
= E(S)B(f)(b) o H(s)(B(f)(g)) by naturality of € and H

O(S)A(f)(a),B(f)(b) (B(H)(©)) by def. of ¢(s)

Conversely, given an adjunction <H, K, ¢>: A—B, we obviously obtain n, € by the following:
N(S)a = ¢(s)a,H(s)(a)1dH(s)(a)) : a—>K(s)H(s)a
£(5)b = 9(5)" LK (5)(b),b(idK (5)(b)) : H(S)K(s)b—>b.

Definition 7.1.6 has a straightforward generalization to the case with parameters.

7.1.7 Definition Let A, B, D be S-indexed categories, and H: AxD—B, K: DOPxB—A be S-
indexed functors. <H, K, ¢> : A—=B is an S-indexed adjunction with parameters in D if
and only if, for every f:s—s' in S,

i. <H(s), K(s), ¢(s)> : A(s)—B(s) is an adjunction with parameters in D(s);

ii. §(s) °B() = A(f) o @(s) (9fs) of =f" og(s)) ).
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7. Indexed and Internal Categories

7.2 Internal Category Theory

A category C is small when the collection Morc of its morphisms is a set. Clearly, then, the
collection Obc of objects of C is also a set. Moreover, there are set-theoretic functions DOM,COD:
Morc—Ob( that specify source and target of every morphism, a function ID: Obc—Morc that
defines the identity morphism for every object, and a partial function COMP: MorcxMorc—Morc
for the composition. Given two morphisms f and g, their composition is defined if and only if
DOM(f) = COD(g); the domain of COMP is thus the set {(f,g) | DOM(f) = COD(g)}, that is, the
pullback of the two functions DOM,COD: Morc—Obc. All these functions must also satisfy the
obvious equations stating the behavior of the identity morphism with respect to composition, the
associativity law for compositition, and the rules which specify domain and target for the identity
morphism and for the result of a composition. Thus every small category may be completely
described internally to the category Set, which becomes a sort of “universe of discourse.” The
previous discussion, however, has made very little use of the specific structure of Set; we only
needed the existence of pullbacks in order to define the correct domain of the function COMP. In this
section, we will show that most of the basic definitions of Category Theory, such as category,
functor, natural transformation and so on, can be recasted inside any category with all finite limits.
This means that any such a category may be considered a fairly big universe inside which we can
carry out constructions with almost the same confidence as we do in Set. This branch of Category
Theory is known as “internal,” since it describes notions of Category Theory by using the categorical
language as a metalanguage.

For many fields of mathematics, from Set Theory to Algebra and Geometry, treatments in the
language of Category Theory, even of well-known results, have never been worthless since most of
the time they created a new, sometimes unexpected, sense of explanation. The same holds for
Category Theory itself: in a sense, Internal Category Theory plays with respect to the general theory
the same role that Category Theory plays with respect to Set Theory. If a notion of Category Theory
cannot be described internally in a simple way, then there is surely something in that notion that is
worth spelling out. As we shall see, this is, for example, the case of the hom-functor and, more
generally, of every presheaf.

Internal Category Theory allows us to work in different universes than Set. This possibility
turns out to be very relevant in several cases, and in particular for the application we aim at in chapter
11, where Internal Category Theory will be applied to the study of categorical models for the
polymorphic lambda calculus. In that case, the possibility of working in more constructive categories
than Set turns out to be essential, as it is known that the standard set-theoretic interpretation of the
first order typed lambda calculus cannot be extended to a model of the second order typed lambda

calculus.
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7. Indexed and Internal Categories

In the following, E will always denote a category with all finite limits. Our first step is to mimic
within E the presentation, within Set, of a small category. Thus the collections of objects and

morphisms will be viewed as objects of E.

Notation We write Xx(Y (instead of Xx7Y) for the pullback of X and Y along morphisms with
common target Z; <,> will be used as a “pullback pairing” map, that is, given (suitable) h:-W—X
and k:W—Y, we have <hk>):W—=Xx(Y; the pullback projections will be usually (but not

always) denoted by the upper case Greek letter I1, indexed with a number or some other symbol.

7.2.1 Definition ¢ = (c9,c;,DOM,COD,COMP, ID) is an internal category of E (cECat(E))
co, c]EObE
DOM, COD : cj —cp
COMP : cj xgc] —c] where c] xqc] is the pullback of DOM, COD : cj—cq

ID : cg—cy
and moreover
COMP COMP
€1Xpc1 *Cy €1XpnC1 *Cy
Iy DOM I, COD

C * C C * C

1 DOM 0 ! COD .
COMP > id
C1 %1% % *C1 X0y
id X COMP COMP
COMP
Cl X‘U Cl » Cl
o
ld -
ID i
DOM CQOD
Cp C1 *Cp
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ID %p id id X ID
Co>0 *C1X0°C ClXpcp——*Cc1>pCy
COMP COMP
HZ IT4
C1 C1

Note that in the diagram expressing the associativity of composition there is an implicit isomorphism
between c1x( (c1xpcq)and (c1xgcq) xocq. Indeed,

COMP - (COMP x(id) : (c1 xpcp) Xpc] — ¢

COMP - (id xg COMP) : cq % (c] g c1) = c].
In the following, this isomorphism will be always skipped in order to maintain the notation at a

simpler level.

7.2.2 Examples 1. Given an object e in E, the internal discrete category associated with e
is (e,e,ide,ide,ide,ide).

2. Let E be a CCC with all finite limits, and let A be an object of E. It is possible to define
internally to E a category that plays the role of the category of retractions over A.

Let m = A( eval ° (idxeval) ) : AAXAA S AA  the internal composition map, that is let m
=Mf,g).g ° f. Since E has all finite limits, it has equalizers for every pair of morphisms. Let then
(X, E) be the equalizer of

id: AA — AA
m ° <id,id> : AA -AA

id

X S L aA P At

A eval o (idxewval) ) o <id ,id>

The function m ° <id,id> : AA SAA s A fe f; thus the object X represents the subset of AA of
all those functions f such that f=f-°f,ie., X is an internalization for the set of retractions in AA,
X plays the role of c() in the internal category we are defining.
Intuitively, a morphism between two retractions g and h is a triple (f,g,h), where f is a
function from A to A suchthat f=h-°f-g.
In order to internalize this definition we use the equalizer (Y,y) of
Pl : AAXXxX — AA
m e (mxid) e <E°p3,p1,E°pr> : AAXXxX — AA
Note that m ° (mxid) ° <& ° p3,p1,E°pp > isjust Afgh. E(h) > £ E(g).

P
v— ¥, abewax 2

Afgh.E(h) o folig)
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COD and DOM are obviously defined by the following equations:
DOM =pj ° ¢
COD =p3°y
For ID, note first that by definition of &, m°<&,§>=id°E=E and, therefore,
(Mgh. E(h) ° f°E(g))°<E,id,id >=E.
Thus <&, id, id > X =AAxXxX equalizes p; and Afgh. E(h) ° f° E(g), and ID: X =Y is the
unique arrow such that 1 ° ID =< &, id, id >. Note that
DOM - ID=pp°y-°ID=py°<E, id,id>=1id
COD-° ID=p3° ¢y °ID=p3°<E, id,id >=1id.
Finally, we must define COMP: YxgY—Y. The idea is that (f,g,h) ° (f'k,g)=(f-f,k, h). We
start defining an arrow M: YxgY— AAxXxX such that M((f,g,h), (f'k,g)) = (f-1f,k, h); next
we prove that M equalizes py and Afgh. E(h) ° f - &(g). Then COMP is the unique arrow from
YxoY to Y such that ¢ - COMP = M.
3. Given a function f: U—C, consider the C-indexed collection of sets {G(c) = f'l(c)}cec. We can
form a small category C, which has C as set of objects, and with hom-sets C[c,c'] =
Set[G(c),G(c")]. Composition and identities are inherited from Set. The previous construction can
be generalized to a generic topos E: given f: U—C in E, there is an internal category Full(f) that
plays the role of the full subcategory generated by the fibers of f. Full(f)g is C; Full(f)], together
with the map <DOM,COD>: Full(f)]—=CxC, is defined as the exponent p;*(f)P2*(f) in the slice
category E/CxC, where
p1*() = fxid: UxC—CxC
po*(f) = 1dxf: CxU—=CxC
are respectively the pullbaks of f along the first and second projections. Composition is obtained from
the internal composition map m: p,*(H)P1*(D)xps*(H)P2*(H)—p3*(HP1*(f) in the slice category
E/CxCxC. Similarly, the identity morphism ID: C—Full(f){ is obtained from the “inclusion of
identities” A(idf): idc—ff in the slice category E/C.

Our exposition of Internal Category Theory proceeds with the definition of “internal functor.” Again,
the intuition of a standard functor helps in the understanding of the following definition; a functor F
between two small categories C and D is a pair of functions in Set, F = (Fp, F1), where F:
Obc—Obp, Fi: Morc—=Morp; moreover Fi distributes with respect to composition and

preserves identity.

7.2.3 Definition Let c,d€Cat(E). F is an internal functor from c to d (F:c—d) iff F =
(fo. f1) with fo€E[co.dgl, f1EE[c], d]], and F satisfies
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¢y it »dy ¢y ! »dy
DOM DOM COD COD
cg fo » dp cn 0 *dp
C1X0c1 Sl d3Xpdg
COMP COMP
c1 d rdy
co Ip +dp
ID ID
c1 i »dy

7.2.4 Definition The category Cat(E) has as objects the internal categories of E and as

morphisms the internal functors. Composition of functors is defined in the obvious way; that is,
given F = (fo.f1) and G =(80.81) F G =(fo-g0.f1 °81)-

For example, Cat(Set) is the category Cat of all small categories, i.e., of all those categories
whose class of morphisms is a set.

It is easy to carry out the usual constructions on categories inside Cat(E). For example, given ¢
= (cg, ¢1, DOM, COD, COMP, ID), we can define the dual category cOP = (c(, c1, COD, DOM,
COMP-a, ID), where o = <IIp,I11>g:cyxgcq] <= cyxp'cy. _OP : Cat(E) — Cat(E) isa
functor.

The product of two internal categories ¢ and d is the category cxd = (cgxdg, cyxdy,
DOM:xDOM(, COD-.xCOD{, (COMP.xCOMP ) ° 3, ID;xID4) where f is the isomorphism
(c1xpc1)x(dyxpdy) <= (cy1xdp)xg(cyxdy). Clearly, _x_: Cat(E)xCat(E) — Cat(E) is a

functor.

7.2.5 Definition Let F = (fo.f1) and G = (g0,g]) be two internal functors from ¢ to d. T is
an internal natural transformation from F to G (tv: F—G) iff t€E[co, dj] and satisfies
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co
fo T 20
DOM COD
dg+ dy +dp
<TeCOD, f1=q
4 *dyxpdy
€1, 1eDOM=g COMP
COMP
dyxpdq »dl

7.2.6 Definition Given two internal categories ¢ and d, Nat(c,d) is the category that has
internal functors from c¢ to d as objects, and internal natural transformations as arrows. Given O:
F—=G and ©:G—H, t°> 0=COMPg ° <t,0>0 :F — H

7.2.7 Example In this example we define PER as an internal category of w-Set. PER is the
category of partial equivalence relations constructed over Kleene’s applicative structure (w,).
Remember that the partial application - : wxw—w is defined by m-'n = @y(n), where @: o—PR is
an acceptable godel numbering of the partial recursive functions. We will use the following notation:

nAm iff n isrelatedto m by A,

{n}A = {m| m A n } the equivalence class of n with respectto A,

Q(A) ={{n}A InEdom(A)} where dom(A) = {n/nAn} .
The morphisms of the category are defined by

fEPER[A,B] iff f:Q(A)—Q(B) and In Vp (pAp = f({p}A)={n.p}B).
Thus the morphisms in PER are “computable” in the sense that they are fully described by partial
recursive functions, which are total on the domain of the source relation.

Note that PER is a small category, as the partial equivalence relations (p.e.r.’s) form a set as

well as their morphisms; thus Set contains PER as an internal category. Though, since a crucial
property of PER is that its morphisms are “computable,” we are interested in introducing a similar

‘£|_”

notion in the category of sets by a realizability relation with respect to numbers.
The category w-Set is defined as follows:
objects: (A,-)Ew-Set wf
A isasetand -C wxA, suchthat Ya€A dnl-a.

morphisms : fEw-Set[d;B] iff
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f: A—B and dn VaEA Vpl-pa nplpf(a)
(notation : nl-A_>pg{f and we say that n realizes f).
Similarly as for PER, each morphism in w-Set is ‘@emputed” by a partial recursive function,
whichistotalon {pl pl-pa} foreach acA.

It is not difficult to prove that w-Set is al6*CC with all finite limits. The terminal object is
simply (1, 1-1), where 1 is the singleton set and -] = wx1. If [, ] is a coding of pairs of
numbers, then (AxB, |-AxB) 1s given by [n,m] I-A«B (a,b) iff nl-A a and m I-g b . As for
exponents, let [A—B] = ({f: A — B | fEw-Set [A,B] },d-A >B), where |-A_-pg is given as
above.

There is a simple way to embed Set into w-®et. Let X : Set—w-®et be given by

2(S) =(S,l=g) with |-g = wxS, the “full” relation.
2 1s defined as the identity on morphisms, since by the definition of |—g , all functions are realized
by all numbers for total recursive functions. Z 1s a full and faithful functor, which preserves all finite
limits and exponents.

This embedding suggests how to turn PER into an internal category of w-Se (recall that the
exponent of A and B in PER is given by m (A—=B)n < Vp,q(pAq = mp Bnq) ).
Indeed, M = (Mg, My,domM codM.,idM,compM) is defined by

1. Mg = (PER, |-\1) where |-\ = wx PER;

2. M1 = ({<{n}po—-B-A.B)>1 A BEM,n(A—B)n }, I-7)

where m -1 < {n}A—RB,A,B> iff m(A—=B)n;
domM(<{n} o _-B,A,B)>) = A;
codM(<{n} o_-R,A,B)>) = B;
idM(A) = <{iI A=A AA)> where i=Ax.x is a number for the identity function;

A

compM(<{n}A_>B,A,B)>,<{m}B_>C,B,C>) =<{bmn}p_C.AC)>
where b = Axyz.x(yz).
We have to check that M is an internal category of w-Set. It will be easy, in view of the set-theoretic
nature of its morphisms. Essentially, one has to prove that the required morphisms are functions that
happen to be realized.
Note first that w-Set[A,Z(S)] = Set[A,S] for any A = (A, |l-A) in ®-Set and any set S, since
I-g is the full relation and, hence, any function is realized by any index. Thus, the set-theoretic

functions domM, codM are also morphisms in w-Set.

Mj is a set of triples: equivalence class, domain, and codomain. The realizability relation in My
is nontrivial and, hence, one needs to give explicitly the realizers of idM and compM. Indeed, idM
is realized by Ax.i, the constant function equal to an index i for the identity function. As for
compM, it is defined as usual only on a subset of M1xM7, namely, where the target of the first

morphism coincides with the source of the second. In the general setting, this is expressed by the use
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of a pullback as a source object for COMP. In this specific case, that pullback becomes simply the
set of pairs such as (<{n}A—RB.,A,B)><{m}B—>C,B,C>). Then the realizer for compM is b', for
b'[n,m] = bnm, where b is an index for the composition of functions, an operation that may be

uniformly and effectively given over (w,") .

7.3 Internal Presheaves

We have already remarked that every small category may be regarded as an internal category in Set.
However, in Set we are accustomed to considering not only functors from one small category to
another, but also, for example, functors from a small category to a large one and in particular to Set
itself. A significant example is hom-functor from a small category to Set. Surprisingly, it is possible
to cope at the internal level also with this problem, by means of the notion of internal presheaf.

If F is a functor from COP to Set, then the component Fop of Fis a collection {F(c)} of sets
indexed on objects of C. Such a collection can be regarded as a function pgp: X—Obg, where X =
{(c;m)/ mEF(c)} and pg(c,m)=c. Then Fgp(c) = po'l(c). Now, given an arrow f: d—=c, and
an object (c,m)EpQ'l(c), define a function p1 by pj((c,m),f) = (d,F(f)(m)). The function pq
describes the behavior of F on morphisms. Note that p1((c,m),f) is defined if and only if cod(f) =
po(c,m) = c; thus, the domain of pq is the pullback Z (in Set) of cod: Morc—Obc and p(:
X—0bg. Let IIp: Z—Morc and IIj: Z—X, be the associated projections. Note that

1. po( p1((csm), ) = po( (F(H(m)) ) = d = dom(f) = dom( Tx(f,(c;m)) ) ;

2. p1((c,m),fof") = (d,F(fef’)(m)) = (d,F()(F(f)(m))) = p1((d"FE)(m)).f') =

= p1(p1(f,(c,m)),f);

3. p1((c,m), id¢) = (¢,F(idc)(m)) = (c, m).
That is, more concisely:

i. pgep1=dom °Ilp : Z—Obc;

ii. p1 o (idx %o comp) = p1 ° ( P1 %0 WdMorC) : XxgMorcxgMorc — Mor(;

1. pq1 ° <idy, ID ° pg> = 1dx,
where x( denotes pullback product and ID: Obc—Mor is the function that takes an object ¢ to
id.. Conversely, given a small category C, and a triple (X, pg: X—Ob(, p1: Xx9ObC—Mor )
that satisfies equations i-iii above, it is possible to define a presheaf F: COP—Set by letting

VcEObC F(c) = pgL(c)

VfeClc'c], V(c,m)EF(c) F(f)(c,m) = p1((c,m),f).

Equation 1 states that pj((c,m),f) is in F(c'), indeed c' = dom(f) = dom(II»((c,m),f)) =
po(p1((c,m),f)), and thus, by definition of F, F(f)(c,m)=p1((c,m),f)EF(c").

Equations ii and iii express the fact that F is a contravariant functor. Indeed,

F(f-g)(c,m) = p1((c,m),comp(f,g)) by def. of F
=p1(p1(cm)f), g by (i)
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=F(g)(p1((c,m),f)) by def. of F
= F(g)(F(f)((c,m))) by def. of F
and
F(id¢)(c,m) = pq((c,m), idc) by def. of F
= (c,m) by (iii)

7.3.1 Definition X is an internal presheaf on cECat(E) iff X = (X, pg, p1) with,
po: X—cq
p1: Xxoc]—X where Xxocj is the pullback of pg: X—cg and COD: c | —c),
and X satisfies the following:
P1

XXDCl »
1> PO
DOM
Cq »CQ
idxnCOMP
XXOC 1XOC1 o > XXDCI
p1xpid P1
P1
XXOCI > 3
idxnlID
ZXgCn alt] » X0y
P1
I
X

Example Let cECat(E), and e an object of E. The constant-e diagram is the internal presheaves
(excq, snd: excp—c(), idexDOM: exc|—>exc(). Note that excy is the pullback of snd: excp—c(
and COD: cj—c(. Moreover, the previous morphism satisfies the requested conditions of definition
7.3.1, since
1. snd ¢ idexDOM = DOM © snd : exc1—>c() ;
. idgxDOM ° (1dexCOMP) =
= idex(DOM ° COMP)
= idex(DOM © I1p)
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= idexDOM o ( idexIIp)
= idexDOM e ((idexDOM x() id) : excyxpc]—>exc() ;
iii. idexDOM e (idexID) = idexc : exco—>exc() -
The intuition behind the previous definition is that of a collection, indexed by c, of objects e.
Indeed, consider the case of an internal category C in Set (i.e., a small category) and let E be a set.
By applying the above “externalization,” we obtain
VcEObC F(c) = po~1(c) = Ex{c}
VteC(c'c], V(e,c)EF(c) F(f)(e,c) = p1((e,c),f) = (e,DOM()) = (e,c') .

Another major example of a presheaf is given by the hom-functor.

7.3.2 Definition Let cECat(E). The internal hom-functor hom, is the presheaf (cj, po,
p]) on cxcOP, where

p0 = <DOM,COD> : cj—cpxc()

p] =COMP ~< pp 117, COMP -~ (id xgp]) >0 : cjxp(cjxcj)—c]

(Informally, pj = Afgh.h °f-° g ), and

I
cyxpicyxcy) l » C1XCq
I, CODxDOM
<DOM ,COD=
1 » COXCQ

7.3.3 Definition Let X = (X, pg.pj), Y = (Y, 09 ,0]) be two presheaves on cECat(E). 1 is
a morphism of presheaves from X to Y (n : X—=Y) iff n€EE[X,Y] and the following

diagrams commute:

id
X#’Y 2xpcy 1%g » ¥Xncy
Py %0 P1 o1
o X ! » Y

The following definition allows to compose an internal presheaf on ¢ with an internal functor F:

d—c, yielding a new presheaf on d.
7.3.4 Definition Let X = (X, pg, p]) be an internal presheaf on c€Cat(E), and F: d—c be an

internal functor. The pullback of X along F is the presheaf F*(X) = (Y, 0p, 0]) on d defined

by the following commutative diagrams, where the squares are pullbacks:
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Iy

Suppose that the internal presheaf X “internalizes” the functor G: COP—Set (and F: d—c is an
“internalization” for F: D—C). Then, G(F(a)) = {x€X | po(x)=fp(a)} = {yEY | og(y)=a} by
definition of the pullback for Y, and, if h: a—b, one has G(F(h)) = AxEF(b).p1(x,f1(h)) =
MxEF(b).o1(x,h) by definition of o7.

All the definitions given so far were directed towards the following crucial notion, which will enable

us to define the concept of internal Cartesian closed category.

7.3.5 Definition < F, G, ¢ >: c—=d is an internal adjunction from c¢ to d iff F is an
internal functor from c to d, G is an internal functor from d to ¢ and
¢ : (FxIdoP)* (homy) — (1d.xGP)*(hom,)

is an isomorphism between presheaves on c¢xdOP.
The definition of adjunction in 7.3.5 is now easily generalized to the case with parameters.

7.3.6 Definition < F, G, ¢ >: c—=d is an internal adjunction from c to d with
parameters in a iff F is an internal functor from cxa in d, G is an internal functor from a°Pxd
in ¢ and

¢ : (FxIdoP)* (homy) — (1d.xGP)*(hom,)

is an isomorphism between presheaves on cxaxd°P.
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We can also give an “equational” characterization of internal adjunctions, in the spirit of theorem
5.3.5.

7.3.7 Theorem Every internal adjunction < F, G, ¢ > :c — d is fully determined by the
following data in (i) or (ii):
i. -the functor G: d—c
-an arrow fo: co—do
- an arrow Unit: co—c] such that DOM - Unit = id , COD ° Unit = g °fp
- an arrow d)_]: Y—X, where X and Y are respectively the pullbacks of
<DOM,COD> : dj—dpxdp , foxid: coxdp—dpxdy
<DOM,COD> : cj—coxcq, idxgo: coxdp—cpxc(
and, moreover, the previous functions satisfy the following equations:
a. <pg, COMP ~< g1 °IlIx, Unit °pj° po >0 >0 ° o~ 1= idy
b. ¢—1°<p0, COMP < g °Ilx, Unit °py° pg >0 >0 = idx
ii. - the functor F: c—d,
-an arrow g(: do—cq,

- an arrow Counit: dg—dj such that DOM - Counit = f) °go, COD ° Counit = id
-an arrow ¢: X—=Y, where X and Y are respectively the pullbacks of
<DOM,COD> : dj—dpxdp , foxid : coxdg—doxdy
<DOM,COD> : cj—coxcq, idxgo : coxdp—cpxc(
and moreover the previous functions satisfy the following equations:

a. <p0', COMP -~ < Counit °pp° po', f1 *Ily>0 >0 ° ¢ = idy
b. ¢- <p0', COMP -~ < Counit °pp° po\, f1 ° lly>0 >0 = idy
Proof See the appendix to this chapter.

We are finally ready to define internal Cartesian closed categories.

7.3.8 Definition An internal Cartesian closed category is a category cECat(E) with three
adjunctions, the third one with parameter in c:

1. <O, T,0>:c—1, where 1 is the internal terminal category.

2. <A, x,<,> >:c—=>cxc, where A is the internal diagonal functor.

3.<x,[,] ,A >:c—c, where this adjunction has parameters in c.
7.3.9 Examples 1. In example 2 in 7.2.2, we defined the internal category Retp ECat(E) of

retractions on a generic object A of E, where E is a CCC with all finite limits. We now prove that if A

is a reflexive object, that is, if AA < A, then Retp is Cartesian closed.
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Let AA <A via (inout). By theorem 2.3.6 we know that t < A and AxA < A. Call these
retractions (in',out') and (in",out"), respectively.

Let us begin with the internal terminal object in Ret . The idea is that every constant function is
a terminal object in a category of retractions. Since t < A via (in',out'), in: t = A 1is a point of A
and, thus, we can take in'> out: A—A as the constant function we are looking for; moreover, ¢ =
A(in" out'> py) : t — AA s the point in AA that represent it. Then the internal terminal object tg: t
— X 1is defined by the following:

.~
~

« id
X AE(! P At

Af. fof

We leave it to the reader to check the soundness of the previous definition, as well as the definition of

internal products, and we move on to exponents.
The first notion we must define is the arrow [,]g: XxX—X. The idea is that, given two
retractions f, g, their exponent is the retraction [f,g]g=Aa.in(§(g)-out(a)°E(f)). Let
H = M(f,g)ha. in( E(g)°out(a)°E(f) ) : (XxX)xA—A .
Then [,]g: XxX—X is formally defined by the following diagram:

P70 4
.1y A(H)
id
X (! P 4t
Af. fof

The function EVAL: XxX—Y is the internal Counit of the adjunction; it takes two retractions f
and g, and gives a morphism EVALf’g from the retraction [f,g]gxof to the retraction g (where
x() is the internal product on objects). More specifically, if

E = A(f,g)ha:[f,g]loxof. out(FST(a))(SND(a)): XxXxA—A
(where Aa:h.M is shorthand for Aa.[h(a)/a]M, and FST, SND are the internal projections)

E| = AE): XxX—AA

Ep =x¢°<[,]9.p1>: XxX—=X.
Then EVAL: XxX—Y is defined by the following commutative diagram:
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XXX
EYAL <E1 ,E2,p2>
- pl
. SNy WY P at

Afgh. E(h) o f o E(2)
We must now defire A: U — W, where U and W are the pullbacks in the following diagram:

A
/H_\. ]
U U » Y W W Ly
o <DOM ,COD=> o' <DOM ,COD=
XL » G DL > 20X

Informally Mworks on tuples of the kind (f,g,h, (r, fxgg, h)) where f,g,h are retractions and r
is a morphism from fxgg to h, thatis r: A—A such that r=h-r-fXgg.
Now, let Curry(r) = Ay.in( Az.(r ° in")(z,y)): A—A. Then Curry(r) is a morphism from g to
[f,h]g: indeed, by omitting for simplicity the function &: X—>AA, we have
[f,h]g ° Ay.in( Az.(r ° in")(z,y)) ° g =
= Aa.in( h ° out(a) ° ) ° Ay.in( Az.(r ° in")(z,g(y)) )
= Ay.in( h ° Az.(r ° in")(z,g(y)) ° )
= hy.in( Az.(h e e in")(f(2).8(y)) )
= Ay.in( Az.(h °r° fxgg ° in")(z,y) )
= Ay.in( Az.(r ° in")(z,y) )
Let Curry = ArAy.in( Az.(r ° in")(z,y)): AA —=AA.
Then F=<Curry°pp -y °Ily, idx[,lg°co>: U—AAXXxX .
But we have already verified that
p1°F=(Agh.E(h) - f=E(g))°F
and, thus, there exists a unique morphism F: U—Y suchthat F= vy °F.
Finally A=As,F>p: U — W.
2. This example continues example 7.2.7, where we defined PER as an internal category of the
category w-®et. We still need to check that the internal category PER of w-®et is an internal CCC.

In general, observe that in order to “internalize” a categorical construction, as we did for the category
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of retractions, say, one has to turn implicit set-theoretic functional dependencies into morphisms of
the intended global category E. For example, consider the map A that/gives the internal natural
isomorphism for Cartesian closure. Externally, A is implicitly f&dexed by objects a, b, for
instance, and the map a,b |- Ayl is simply a function in Set. The internal version, requires only
that the map\ A, depending also on a and b, is a morphism in E.

The result, that M is an internal CCC of w-Set, then follows by the uniformity and effectiveness
of the argument for the Cartesian closure of PER. Namely, one only has to observe that evalp g is
realized by any index e of the partial recursive universal function (and hence we could set ep g =e¢
in the example). Thus, not only evalp B is realized, but the construction is internal to w-Sebas it
depends on A,B by a constant function (or e is independent of A, B). Thuis is also the case for
AA B, since it is uniformly realized by any index of the function s of the s-m-n iteration theorem,

independently of A, B.

7.4 Externalization
In this section, we define the process of externalization of an internal category via hom-functors that
correspond, essentially, to the Yoneda embedding. Since for any object e of E the hom functor
[e,_]: E—>Set preserves pullbacks, it transforms an internal category c¢ = (cq, ¢, DOM, COD,
COMP, ID)eCat(E) into a small category [e,c] = ([e,cql, [e.c1], [e,DOM], [e,COD], [e,COMP],
[e,ID]).

More generally, if cECat(E), then [_,c]ECat(EOP—Set), and, for the uniform behavior with
respect to the indexes in E, [_,c] can be also regarded as an E-indexed category, that is, a functor
EOP—Cat. In the next section we show that, conversely, every E-indexed category can be regarded

as an internal category in EOP—Set.

7.4.1 Definition Let c = (c(, cj, DOM, COD, COMP, ID) € Cat(E), then [e,c] = ([e,co],
[e.ci], [e, DOM], [e,COD], [e, COMP], [e,ID]).

The objects of [e,c] are the arrows o€ E[e, cg]. Given two objects o, T, a morphism f: o—t
in [e,c] is an arrow fE€E[e, c¢1] such that DOM * f=0, COD ° f =t . The identity of o is 1dg=
ID ° o. Let ¢y be the object of composable maps of ¢, that is the pullback cyxpcy of COD and
DOM. Since the hom-functor [e,_]: E—>Set preserves pullbacks, [e,co] is the pullback of
[e,COD] and [e,DOM], and [e,COMP]: [e,co]—[e,c1] has the expected type. Given two arrows
f: o—7, g:t—y in [e,c], their composition by [e,COMP] is gof=COMP ° <g,f>p. In case the
ambient category E has small hom-sets, the category [e,c] is obviously small.

Note that, if c¢,dECat(E), then [e,cxd] = [e,c]x[e,d] and [e,cOP] = [e,c]OP.
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In the previous definition, e can be regarded as a parameter, yielding a functor [_,c]:

EOP—Cat, that is, an E-indexed category.

7.4.2 Definition Let cECat(E). The functor [_,c] : E°P—Cat is defined in the following way:
on objects e€E [_c] =[ec]
onarrows o:e'—e [_c](o) =[o,c] is the functor from [e,c] in [e'c] that is defined as

[o,cq] on objects and as [o,c]] on arrows.

More explicitly, the functor [0,c] takes every t€[e.c] (i.e.,T: e—>c(g) to T° O, and every g: T—T
to g°O.
We have to prove as follows that the previous definition makes sense:
1. Vo:e'—e, [o0,c]: [e,c] — [e',c] is a functor, for
1.1. Vrie—cg [oc]ldy) = [oc]ID°t) = ID°t°0 = idr g g
1.2. Vf: d—y , Vg p—0d in [e,c]
[oc](fog)=COMP-<f,g>>0=COMP°<f°0,g°0>=[oc]()o [o,c](g)
2. [_,c]: EOP — Cat is a functor, for
2.1. Ve[_c](ide) =1:[e,c] = [e,c] (immediate by definition of [_,c] )
2.2. Vo:e—e',Vt:e'—e", [_cl(t°0)=[_cl(o)°[_cl(t): [ec] = [e",c]; indeed,
2.2.1. on objects yE[e,c]: [_,cl(x° 0)(y)=y°T1° 0= [_cl](oO)([_.c](T)(Y))
2.2.1. onarrows gt—=>t'in [_,c]: [_cl(t°0o)g)=ge°t°0=[_clo)[_cl(T)g)

Note that if ¢ = (c(, c1, DOM, COD, COMP, ID) is an internal category in E, then ([_,cql, [_.c1],
[_,DOM], [_,COD], [_,COMP], [_,ID]) is an internal category in EOP—Set.

Definitions 7.4.3 and 7.4.4 show how to externalize, respectively, an internal functor, an internal
natural transformation, and an internal presheaf. Again these definitions, as well as others in the

sequel, are parametric with respect to the object € of E.
7.4.3 Definition Let c,dE€Cat(E), F = (fo.f1): c—=d be an internal functor, and let e be an
object of E. The functor [e,F]: [e,c]— [e,d] is defined as [efp] on objects, and as [e,f]] on

arrows.

That is, the functor [e,F]: [e,c] — [e,d] takes every object o in [e.c] to fp° o in [e,d], and

every arrow g: 0—T in [e,c] to fi° g: (fp ° 0)—=(fp°T) in [ed].
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7.4.4 Definition Let c,d€Cat(E) and let F = (fo.f1): c—=d be an internal functor. The E-
indexed functor [_F]: [_,c]—[_,d] is the natural transformation defined by [_,F](e) = [e,F], for
every object e of E.

We must prove the naturality in e of the previous definition; that is, for any ©: e'—e,
[e"F] ° [o.c] =[o.d] * [e,F] .

We have, for any object T of [e,c] (i.e, T: e—>c(),

[e.F][o.c](v) = [e'FI(t° 0) by def. of [0,c]
=fpet°o by def. of [e',F]
=[od]°fp°t by def. of [0,d]
=[o0.d] ° [e,F] by def. of [e,F].

7.4.5 Definition Let t: F—G be an internal natural transformation, where F,G: c—d. The
natural transformation [e,t]: [e,F]—[e,G] is defined as the homonimous function [e,T]:
[e,co]—=[e.d]]; that is, it takes every object o of [e,c] to [e,T](0) =T 0O :(fp°0)—=(80 ° O)
(where the last “typing” is in [e,c]).

Exercise Prove that the previous definition makes sense, that is:
1. [e,x](0) : [e,F](0) — [¢,Gl(0)
2. forevery h: o—y in [ec], [e,G](h) o[e,x](0) = [e,T](Y) o[e,F](h).

7.4.6 Definition Let ©: F—G be an internal natural transformation, where F,G: c—d. The E-
indexed natural transformation [_,t]: [_F]—[_,G] is defined by the following: for any object e of E,
[eT]: [e,F]—[e,G].

Now we will show how to externalize the notion of morphism of presheaves.

7.4.7 Definition Let X=(X, p(, pj) be an internal presheaf on cECat(E). The functor [e,X]:
[e,c]°P—Set is defined by:
Yog/e,] [e.X](0) ={fEE[e,X]/ pg °f=0}
Vo:t—0oin[ec], [eX](g): [e.X](0)—[e,X](T) is given by:
Vicie X](0) [eXI(8)(f) = p1°<f, >0 EleX](T)
(note that pg °[e,X](g) (f) = po ° p]1°<f.8>0 = DOM *I1p°<f,g>0=DOM °g = 1)

We have chosen the name [e,X] as an analogy for the previous constructions, but in this case it

no longer has a direct relation with the Yoneda embedding. The same holds below for the

externalization [e,] of a morphism of presheaves mn.
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Next we check that by externalizing an internal hom; on cxcOP we just obtain the hom-functor

from [e,c]Px[e,c] to Set.

7.4.8 Proposition Let c€Cat(E) and let hom, = (c], po, p]) be the internal hom-functor on
cxcOP. Then, for every e€ObE, [e,hom, ] = hom[e’c]: [e,c]OPx[e,c]—=Set (to within the implicit
isomorphism [e,c]Px[e,c] = [e,cOPxc] ).
Proof
- on objects: let <o,T>: e — cpxC(
[e,hom;](<o,t>) = {f:e—=c]/ pg°f=<0,T>}
{f: e—=c1 / <DOM,COD> "~ f = <o,T> }

hom[e’c] (o,71);

- on morphisms: let <f,g>: <0,t>— <y,0> in [e,cOPxc]. VhE[e,hom ](<y,d>), i.e., for all
h: e—=>cq such that <DOM,COD> ° h = <y,0>, we have
[e,hom¢](<f,g>)(h)

p1 ° <h, <f,g>>(

COMP - < pp ° IIp, COMP - (id x( p1) >0 ° <h, <f,g>>(
COMP - < g, COMP - <h, f>( >

gohof. &

The next definition finally externalizes the notion of morphism of presheaf that simply becomes a
natural transformation. Proposition 7.4.10 states that the composition of an internal functor with a
morphism of presheaf, given by the pulling back construction of definition 7.3.3, externalizes to the

composition of the two associated external functors.

7.4.9 Definition Let 1n be a morphism of presheaves from X = (X, po,pj) to Y = (Y,
00,0]), where X an Y are internal presheaves on c. The natural transformation [e,n]: [e,X]—[e,Y]
(where [e,X], [e,Y]: [e,c]°P—Set ) is defined in the following way: VyEle,c], YfE[e,X](7),
[en](Y)f) = m °f (note that [en](Y)f) E[e.Y](y), since op°n f=pg - f=7)

[e,n] is indeed a natural transformation, since, Vg: Ty in [e,c], ViE[e,X](y)

[e.Y](g) ([em](y)() ) = [e,Y](g) (n 1) by def. of [e,n]
= 01° <n-°f, g by def. of [e,Y](g)
= 0] ° nxpid ° <f, g>0
=mn-°pp-°<t, g by the “naturality” of n
= n ° ([e,X](g)(®) ) by def. of [¢,X](g)
= [eml(D) (le.XI(2)(D) ) by def. of [e]
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7.4.10 Proposition Let F:d—c be an internal functor, X = (X, pg, p]) an internal presheaf
on ¢, and F*(X) = (Y, og, o]). For every object e of E, the functors [e,F*(X)] and
[e,X][e,F]OP: [e,d]°P—Set are naturally isomorphic. The isomorphism is

ne= Ag Iy og : [eF*(X))(t) — [eX]([e,F]oP(T))

nel = A<z, h>g - [e.X]([e,F]OP(T)) — [e,F (X)](T)
Proof Let us check first that n¢ and nr'l have the correct types.
By definition [e,F*(X)](t) = {gEE[e.Y]/ o g=1}. Let g€[e.F (X)](t). Then the following

diagram commutes:

g IT
e ' X * 3
T °0J Po
do fU » CU

Thus IIx ° g € [e.X](fp °t) = [e,X]([e,F]°P(1))
Conversely, let h€[e,X]([e,F]OP(t)). Then the arrow <t, h>: e—=>Y is well defined, because pg
>h =1 °t. By definition of o(, o( ° <t, h>) =t which implies <, h>OE[e,F*(X)](‘c).
We now prove the naturality of 1 and ﬂr'l- Let k: y—t in [e,d]OP; for every gE[e,F*(X)](r)
[e.X1([e,FIP(K)(Ng(g) = [e.XI(f] °k) (TIx =g) by def. of [e,F]OP
= p1e<lIx-g f1 k> by def. of [e,X]
p1° TIxxof] ° < g k>p

=IIx-o1°<g k> by def. of p
= Mx * ([e.F X)) (2)) by def. of [e,F*(X)]
= y([e.F X)1(K) (2)) by def. of 1

Conversely, for every k: y—7 in [e,d]OP and every h&[e,X]([e,F]OP(7)):
[e.F*(X)1K) (nelh)) =07 °<nelh) . k>p=07°<<t,h>p, k>
Thus: IIx - ([e,F*X)1(K) ( nr'l(h) ))=IIx°0o1°<<t,h>y, k>
=[x -01°<<t,h>y, k>
=p1° xxpf1°e < <t, h>p, k>
=p1° <IIx ° <t,h>q, f1° k>
=p1°<h,f1 k>
and oQ ° ([e.F* X)1(K) ( nr'l(h) ))=00°0]1°<<t,h>y, k>
=DOM - Il ° < <t, h > , k >0
=DOM - k
=Y
And since f=<oq °f, [Ix ° f >, then for every f : e—Y,
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[e.FCO1K) (ngl(h)) =<y, pro<h, f] = k>0 >0
= <y, [e,X]([e,FIOP(k)) (h) >
=y 1 [e,X]([e,FIOP(K)) (h) ).

7.4.11 Proposition Let < F, G, ¢ > : c—>d be an internal adjunction. For every e in E, define
O, = n'ele,¢] *n~L, where
n: [e,(FxIddop)*(homd)] — [e, homg] ° [e,FOPxId]
n': [e,(Id.xGOP)*(hom)] — [e, hom,] ° [e,ldxGOP]
are the isomorphisms of proposition 7.4.10 .
Then <[_F], [_,G], ©> :[_c]—=[_d]is an E-indexed adjunction.
Proof For every object e of E, we have
hom[e’d][[e,F](_), _ ] [e, homy] ° [e,FOPxId]

= [e,(FxIdgop)*(homg)] via n~1
= [e,(IdCxGOP)*(homC)] via [e,d]
= [e, hom.] ° [e,]dxGOP] via 7]'

= hom[e’c] L, Ee,G(—) ].
Moreover, the previous adjunction is “natural in e,” that is,
Vi€E[e'e] O - [_d](f) = [_.cl{) O .
More explicitly, we must check that, for every fEE[e',e], o object of [e,c], T object of [e,d], and
g: (fop ° 0)—7 in [e,d], one has
®e' <0’ f7 T° f> ([_’d](f) ) (g) = ([_7C](f) ) ®e<0',‘[/'> (g)

We have
Oc <o f, T > ([Ld](f))(g) =B <o°f,Tf>(g°f) by def. of [_,d]
=0Q¢ <o°f,t°f>(g°f)
=IIx°de<<o°fixof> g°f> by def. of O
=IIx °¢°<<o,t>,g>°f
= (@¢<0,t>(g) ) ° f by def. of O
= ([_.c](f) ) Og<0,T> (g) by def of [_,c]. ¢

7.4.12 Exercise Prove that if <F, G, ¢ >:c—=d is an internal adjunction, and Unit and Counit
are the arrows in theorem 7.3.7, than for every object o: e—=d( in [e,d], Unit ° o, Counit ° ¢ are
respectively unit and counit for ¢ in the associated external adjunction <[e,F], [e,G], Og >:
[e,c]—[e,d].
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7.5 Internalization
In this section we show how to translate (small) E-indexed notions to internal ones in the topos of

presheaves EOP—Set.

7.5.1 Definition Let A: EOP—Cat be an E-indexed category, where all the indexed categories
are small. The internal category A = (Ag, A]j, DOM, COD, COMP, ID)ECat(EOP—Set) is defined
as follows: for all objects e, e' and arrows f: e'—e inE,

Ap: EOP—Set is the functor defined by

Ap(e) = ObA(e)
Ao(f) = APob - ObA(e)=0bA(e)
- Aj: EOP—Set is the functor defined by
Aj(e) = Morp(e)
A1(f) = AlDmor : Mora(e)—Mor (')

DOM: Aj—Ay is the natural transformation whose components are the domain maps in the
local categories, i.e., for e€Obg, DOM,: MorA(e)eObA(e) is defined by DOM ,(h:0—T)
=0
COD, ID and COMP are defined analogously, “fiberwise”.

The claimed naturality for DOM, COD, ID, COMP is immediate, since A is a functor. For
instance, let f€E[e',e] and h€A(e)[o,t]; then DOMc(A(f)mor(h)) = A(f)gp ° DOMe(h). The

reader can check the other cases as an exercise.

7.5.2 Definition Let A, B be two E-indexed categories, and let H: A—B be an E-indexed
functor.The associated internal functor H = (Hp,H]): A—B in EOP—Set, is defined in the
following way:

- Hp: Ag—By is the natural transformation given by Hp(e) = H(e),p

-Hj: Aj—B] is the natural transformation given by Hj(e) = H(e)y0r

The naturality of Hp and H is an immediate consequence of the “naturality” of H: A—B, that is
H(s) o A(f) = B(f) e H(s'). The equations in definition 7.2.3 easily follow from the fact that for every

e, H(e) is a functor.

7.5.3 Definition Let H: A—B, K: A—B be two E-indexed functors, and let T: H—K be an E-
indexed natural transformation. Then the associated internal natural transformation ¥ H—K in

EOP—Set is the natural transformation t: Ag—B] such that, for any e in E, and any a in A(e),

(@) = Ae)g.
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Recall that T: H—=K consists of a natural transformation t(e): H(s)—>K(e) for any object e of
E, such that, for any f: e—=e' in E, and any object a in A(e'), t(e) A(f)(a) = B(f)(t(e)y) -
As a consequence, Te(Ap(f)(a)) = B1(f)(ze'(a)), which gives the naturality of .

7.5.4 Proposition Let A, B be E-indexed categories, H: A—B, K: B—A be E-indexed
functors, and <H, K, ¢> : A—=B be an E-indexed adjunction. Then <H, K, ¢ = ¢> : A—=B is an
internal adjunction in E°P—Set .

Proof Exercise.

The picture is finally completed by the following result, which shows that by applying the
externalization process of section 7.4 to an internal category A. derived from an E-indexed category
A, we obtain an indexed category equivalent to A. However, when we externalize A, we do not
want a category indexed over all functors from E into Set. Since we are interested in a category
indexed over E, we must externalize only with respect to a full subcategory of EOP—Set equivalent
to E. The obvious choice is to consider the image Y(E) of E under the Yoneda embedding Y(e) =
E[_, e] (recall that Y(E) is a full subcategory of EOP—Set ). We will then obtain an indexed
category A# . EOP—Cat. Recall though that the “internalization” can take place only if the indexed
category takes small categories as values, while internal categoies do not need to live in small ambient
categories. Thus, the circle is closed by the following theorem, provided that the assumption is made

that E is small.

7.5.5 Theorem Let A: EOP —Cat be an E-indexed category, with E small, and let
AECat(EOP—Set) be its associated internal category. Then the indexed categories A# =[Y() A]:
EOP—Cat and A are equivalent.
Proof Let e€Obg. Then A# (e) =[Y(e), A] is, by definition, the category with
Objects: Nat[E[_.e], Ag]
Morphisms: g:o—>tin[Y(e), A] iff
gENat[E[_e], A1],DOM - g= 0,COD - g= T
Now let fEE[e',e]; by definition one has
AR(f) = [Y(D), Al : A(e)— A¥(e)
A*(f)(0) =0 - Y(f) for oENat[E[_.e], Agl
A*(D(@) =g Y() for gENat[E[_el, Af]
The natural isomorphism between A and A# s given by the Yoneda lemma: for every e in E, we
have natural isomorphisms W((e): Nat[E[_.e], Ag]l—=Ap(e) and W1(e): Nat[E[_.e], Agl—=A1(e).
W0 and W1 define the components on objects and morphisms of an indexed functor W(e):
A#*(e)—A(e). Explicitly,
Y(e)(o) = 0e(ide) for o&Nat[E[_.e], Ag]
W(e)(g) = ge(ide) for g&Nat[E[_.e], Ajl.

157



7. Indexed and Internal Categories

Then the due diagrams commute, by the usual Yoneda argument.
Our final result shows that, by following the other path (from internal to internal, via external),

one obtains equivalent categories:

7.5.6 Theorem Let cECat(E) be an internal category, C = [_,c]: EOP—Cat be as in definition
74.2, and Y: E=Y(E) be the Yoneda embedding. Then CECat(Y(E)).
Proof Let ¢ = (c(, c1, DOM, COD, COMP, ID); note first that, by definition of C, for the internal
category C = (dg, d;, DOM', COD', COMP', ID")ECat(EOP—Set) we have

dp = E[_, col = Y(cp)

dp =E[_, c1]=Y(cy)
and hence CECat(Y(E)), since Y is full. That C is an internal category, follows by the fact that Y

preserves pullbacks. ¢

Appendix
We now study in more details the notions of internal adjunction and internal CCC. The details are
rather complex and this appendix may be skipped at first reading.
By definition, an internal adjunction < F, G, ¢ >: c—=d is given by two internal functors F:
c—=>d, G:d—c, and an isomorphism
¢ : (FxId4OP)*(homg) — (IdxGOP)*(hom,)
between presheaves on cxdOP.

Graphically, the notion of internal adjunction is represented by the following complex diagram:

<id

IT fixdid [Tyl
Xgegxdy m&d 1%d $¢dy TXgep<d IM} C1Xnc1ey
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where (d1,00,01) is the internal hom-functor of d, and (cq,00',01") is the internal hom-functor of
c. In particular,

og =<DOM,COD>:d| — dpxdg and

og' = <DOM,COD>: ¢| — cgxc(
respectively represent dj and cq as indexed collections of morphisms over dgxdgp and cqxc(.
The formal definition of o1 and 07" is:

01 =COMP ° < pjp ° IIp, COMP ° (id xq p1) >0 : djxp(dyxdy) = dq

01'=COMP ° < pp ° IIp, COMP ° (id x( p1) >0 : c1xp(c1xcq) — ¢
More intuitively, they are both described by the lambda term Afgh. h ° f° g (recall that hom[f,g](h)
=h-f-g).

Note also that DOM: cyxd|— coxdy = DOMcxCOD( because we are working in cxdOP.

X and Y are respectively the pullbacks of
o = <DOM,COD> : d1 — doxdq , foxid : cgxdg — dgxdp and
op' = <DOM,COD> : c1 — coxcq , 1dxgq : coxdg — dgxdg

Thus, informally,

X ={(a,b,h) Ecgoxdgxdy | h:fp(a) = b}
Y ={ (a,b,k) Ecoxdpxcy | k:a— go(b) }

d[fp(a), b]
c[a, go(b)].

¢ : X — Y is the natural isomorphism of the adjunction.
¢ works on triples of the kind (a,b,h)ecgxdgxd| where h: fg(a)—=b. The first two
components a and b are the indexes of the natural trasformation: since pg'> ¢ = p(, these indexes are
left unchanged by ¢, and an “external-like” writing for ¢(a,b,h) would be ¢4 p(h). At the external
level, it is common practice to omit these indexes; the formal complexity of the internal theory is
mostly due to the necessity of coping with these details.
The naturality of ¢ is expressed by the property,
() ¢ p1=p1"° dxpid .
Still using our informal notation, by (), for all (a,b,h) in X,k in ¢y and 1 indj, such that:
cod(k) =a ( that implies cod(fp(k)) = fp(a) = dom(h) )
dom( 1) =b=cod(h)
cod(1)="b
we have
(*) ba'p'(1°hef1(k))=g1(1)° ¢aph) °k,
that is the familiar way the naturality of ¢ is expressed at the external level. Let us show, in this
informal notation, that () implies (*)
ba' ' (1°hefik))=
= (ITy * ¢)(a, b",1°h-fy(k) )
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= (HY ° q))( a|’ b‘ ) Ol(h, f] (k)’ 1 ) ) by def Of 01
=y °¢°pp) ((a,bh), k, 1) by the diagram for the adjunction
= (ITy ° p1" ¢xpid) ((a,b,h), k, 1) by (1)

= (01" [Tyxq(idxgy) ° ¢xpid) ( (a,b,h), k, 1) by the diagram for the adjunction
= o1'( @y*p)(abh), k, g1(1))

=01'(9a,b(h), k, g1(1))

=g1(1) ° ¢ap(h) ° k by def. of 01"

Given an adjunction <F, G, ¢ >: C—D, the arrows ¢4 F(a)(idp(a)) and ¢G(b),b'1(idG(b)) are
respectively called Unit and Counit of the adjunction (for a and b). Units and Counits fully specify
the behaviour of ¢ and q>—1 since:

(1) =o¢(l°id)=g1(1)° ¢@id) = g1(1) ° Unit

o~ 1(k) = ¢p~1(id * k) = p~1(id) ° F(k) = Counit * F(k) .
These properties allow to give at the external level the well-known equational characterization of the
notion of adjunction. In particular, the definition of Cartesian closed category based on the counits of
the adjunctions, plays a central role in the semantic investigation of the lambda calculus, since it
provides the underlying applicative structure needed for the interpretation. Remember that the counits
of the adjunctions defining products and exponents are respectively the projections associated with
the products and the evaluation functions associated with the function spaces.

Now we show how to mimic the same work at the internal level.

7.A.1 Definition Let < F, G, ¢ > : c—>d be an internal adjunction from c¢ to d. Define then:
IDF = <<id fo>, ID °fo >0 : co—=X;
IDG = <<gp,id>, ID ° g >0 : dp—Y;
Unit = Ily ° ¢ °IDf : co—cj;
Counit = Ty - ¢~1 - IDg : dp—d;.
Where X and Y are as in the diagram for the definition of adjunction.

Note that IDp takes an element a in c() and gives the associated identity idp(g) as an element in X.
The definition of Unit, is then clear. As one expects, Unit is an internal natural transformation from I
= (d,id) to G °F, and Counit : dyp—d 1is an internal natural transformation from F°G to I=
(1d,id). The proof is left as an exercise for the reader.

It is now not difficult to prove that every internal adjunction < F, G, ¢ > : c—d is fully
determined by the following data:

the functor G: d—c;

an arrow fg: co—d;

an arrow Unit: cg—>c| such that DOM ° Unit =id , COD ° Unit = gy © fp;
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an arrow ¢~1: Y—X, where X and Y are respectively the pullbacks of
<DOM,COD> : d{—dgxdq, foxid: coxdpg—dpxdg, and
<DOM,COD> : c]—cqxc(, 1dxgp: coxdg—>coxc();
and, moreover, the previous functions satisfy the following equations:
a. <pp, COMP °<gq°IIx, Unit° p1° po>0>0° o~ 1=idy;
b. ¢~1e< po, COMP ° < g1 ° IIx, Unit° p1° pg >0 >0 =1dx.

Indeed the arrow f(): cg—d( can be extended to a functor F = (f, f1): c—=d by
f1 =y ° ¢~ << DOM, f(y * COD >, COMP ° < Unit » COD, id >( >0: c]—>dj.
The inverse of ¢—1 is
¢ =<pg, COMP ° < g1 °IIx, Unit ° p1° po >0 >0-
Note that, by (a) and (b), ¢ and o1 define an isomorphism. The non trivial fact is to prove that
they are morphisms of presheaves (i.e., to prove their naturality), but again the prof is a mere internal

rewriting of the corresponding “external” result.

Dually, if we have the following data:
a functor F: c—d;
an arrow g(: dp—c;
an arrow Counit: dyp—d{ such that DOM ° Counit = fy ° g9 , COD ° Counit = id;
an arrow ¢: X—Y, where X and Y are respectively the pullbacks of
<DOM,COD> : d{—dgxdq, foxid: coxdp—dpxdg, and
<DOM,COD> : ¢c]—cqxc(, 1dxgp: coxdg—>coxc();
and, moreover, the previous functions satisfy the following equations:
a. < po', COMP ° < Counit ° pp° pg', 1 ° IIy>g >0 ° ¢ =1dx,
b. ¢°< p()', COMP - < Counit ° pr° pg', f1 ° IIy>0 >0 = idy,
then we define an adjunction <F, G, ¢ >: c—d, in the following way.
The arrow gp: dg—c( can be extended to a functor G =(ggp,g1): c—=d, by
g1 = IIy° ¢ ° << gg ° DOM, COD >, COMP ° < id, Counit ° DOM > >p: dj—c] .
The inverse of ¢ is
o1 =< po'; COMP ° < Counit ° pp ° pg', f1° Iy >0 >p : Y—=X.

We are now in a position to study internal Cartesian closed categories from an “equational” point of
view. This work is needed to exploit the applicative structure underlying the notion of an internal
CCC. Recall that an internal Cartesian closed category is a category c&Cat(E) with three adjunctions
1. <O, T,0>:c—1, where 1 is the internal terminal category;
2. <A, x,<,> >:c—>cxc, where A is the internal diagonal functor;

3. <x,[,] ,A >:c—=c, where this adjunction has parameters in c.
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By the previous results, we can explicitate the three adjunctions of these definitions by means of their

counits:

7.A.2 Definition An internal terminal object in cECat(E) is specified by:
an arrow t):t —c;
an arrow 0: ¢ — Z, where Z is the pullback of
<DOM,COD> : c] —coxc(),
idxtg : coxt — coxcQ;

@
/_\
cq '°o >t A z » Cl
| |
<id,!cg= <id ,id> ¥ <DOM ,COD=
| o |
cot oM L pq ot T e

and, moreover,
a. O-<ylJZ>9=0-°py°y =idy;
b. <yJJZ>p9°0 =pyey° 0= idCO;

where !Z is the unique morphism in E from Z to the terminal object t .

Intuitively tp: t — ¢ points to that element in c() that is the terminal object. Z is the subset of
c1 of all those morphisms that have the terminal object as target; Z must then be in a bijective
relation O with cp; O takes an object a in cq to the unique morphism !5 in Z from a to the
terminal object.

The previous diagram can be greatly simplified. As a matter of fact, it amounts to say that there is
an arrow t(: t—>c() such that the following diagram is a pullback (prove it as an exercise):

in

o » C1

id <DOM ,COD=
v Xt 1

cp = ot » i

The arrow in: cp—c is the operation that takes every element a in c() to the unique arrow !a in ¢

whose target is the terminal object; in terms of the previous diagram, in=1I7 0.
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7.A.3 Definition An internal category c has products, iff there exist
an arrow Xx(): coxc() — c(;
two arrows FST: coxcg —>c], SND: coxco — c] such that
DOM-FST = DOM °SND = x,
COD-FST =pj; COD>SND = p»,
(Notation: FSTq p = FST°<a,b>; SNDg p, = SND°<a,b>);
an arrow <,>:X—Y, where X and Y are the pullbacks in the following diagram (Aq =
<id,id>):

<2
m i
X £ * 01X g X > c|1
p <DOM ,COD= p' <DOM ,COD=
Appdd ’ dxxg i
Coreoren CoperegRen Copeppcn * e

and, moreover,
c0. p'° <>=p;
cl. (FST°pp °p)o( Iy = <>) = pj °Ilx;
c2. (SND °pp °p)o (Ily = <,>) = pp °Ix;
d.<>°<p', <(FST>pr°p')o Iy, (SND°py-p')o Ily > >9 = idy ,
where fog= COMP °<f, g >¢.

7.A.4 Definition An internal category is Cartesian iff it has a terminal object and products.

As the definition fxg =<f°pq, g°pp> extends x to a functor from CxC to C for any Cartesian C,
also the internal x( can also be extended to morphisms.

7.A.5 Proposition Let x] : cjxc] — c] be defined by the following:

x]=1Ily° <5°<<x0°DOM;xc, COD,x >, <id o (FST°DOM x.),id 0 (SND>DOM ;%) >0
where as above, fo g = COMP °<f,g> . Then x = (xg, x]): cxc—>c is an internal functor.

Proof: Exercise.

Note that, if f,g: e—=>cj, DOMf=a, COD°f=c,DOM°g=b, COD - g=d, then: x1° <f,g>=
Iy © <> ° < <xp°<a,b><c,d>>,< fo FST, b , g 0 SNDy p, > >0.
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7.A.6 Definition An internal Cartesian category has exponents iff there exist :
an arrow [, Jo: coxco — cs;
an arrow EVAL: coxcg —c] such that
DOM-EVAL = xp °<[,]Jo. p]>
COD-EVAL =p>,
(Notation: EVALa,b = EVAL °<a,b> );

an arrow A: X'—=Y', where X' and Y' are the pullbacks in the following diagram:

&
¥ D » 1 Ve iy > C|1
o <DOM ,COD= T <DOM ,COD=
Xgid l idx[, I $
e » Cp¥cp cogXegXeq » CXCp

and, moreover,
e0. 0 A= 0o (towithin the isomorphism (axb)xc =ax(bxc) );
el.(eval °pjeo)o(xj°<Ily > A, ID °pp °pj 0> ) = Iy,
f Ae<0,(eval °pp °0')o(xj°< Iy, ID °pj°pp > 0'>) >0 = idy,

where fog=COMP °<f, g >0, and x] is the morphism in proposition A.5.

7.A.7 Definition An internal Cartesian closed category is an internal Cartesian category

with exponents.
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Our development of the arguments in this chapter has been essentially inspired by Paré and
Schumacher (1978), Johnstone (1977), and some private communications of E. Moggi. The

definition of the internal category in definition 7.5.1 has been pointed out to us by B. Jacobs.
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