11. Second Order Lambda Calculus

Chapter 11

SECOND ORDER LAMBDA CALCULUS

The system A9, or second order A-calculus, has been introduced by Girard for the sake of Proof
Theory. It was meant to prove, in particular, a normalization theorem for second order arithmetic,
PA» (also considered a sound formalization of analysis, by proof theorists). The key points are that
(second order) A-terms code proofs in (second order) systems based on natural deduction and, quite
generally, that cut elimination corresponds to f§ reduction for A-terms. Thus normal proofs for and
consistency of PA» follow from the normalization theorem for A» (see chapter 8 and references).

This calculus was later rediscovered by Reynolds and, since then, it has received great attention,
mostly within the computer science community, from both the syntactic (typing, consistent
extensions, etc.) and semantic points of view. The main novelty of Ay, over the simply typed
calculus, is the possibility of abstracting a term with respect to type variables; by this, A) represents
“polymorphic” functions, that is, functions that may have several types or, more precisely, that may
update their own type.

It is largely agreed that this specific formalization of the broad notion of polymorphism in
programming focuses most of the main concerns of the programmers who apply these methods and
suggests relevant implementations of modularity in functional programming.

The type system of Ay is an extension of the simple types in section 8.2, and it is meant to
provide a type for polymorphic functions (i.e., terms obtained by type abstraction). As we said, this
is achieved by introducing type variables and allowing a quantification (informally, a product) over all
types. The type VX:Tp.T is the type of all those terms that, when applied to a type S, yield a new
term of type [S/X]T. Types are defined impredicatively since in the inductive definition of the
collection Tp of all types one has to use Tp itself, which is being defined. For example, Tp is used
when defining VX:Tp.T as a type or, also, VX:Tp.T is said to be a type, while it contains a
quantification over all types, including itself. The “dimensional clash” (and the semantic difficulty)
which derives from impredicativity is evident when considering that a term of type VX:Tp.T can be
applied to its own type. This circularity, very common in mathematics (e.g., for least upper bounds
and related notions) comes with the expressive power of the system and is reflected in the difficulty
of finding sound mathematical models for it. It is our opinion that Internal Category Theory provides
significant tools for this semantic investigation. First, it allows the explicit use of “constructive”
universes, as an alternative to the (usually intended) set-theoretic frame for (small) categories, where
the constructions below would provide trivial models. Second, it reflects and gives meaning to the

circularity of impredicativity by a mathematically clear closure property of some internal categories.
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11. Second Order Lambda Calculus

11.1 Syntax
Types and (rough) terms are first defined in BN-form. The typing rules will pick up, among the
rough terms, the legal ones. Types are built up from type variables, ranged by X, Y, Z...; terms are
built up from (term) variables, ranged by x, y,...:

Type expressions: T:=XI(T—=S) I (VX:Tp.T)

Term expressions: e:=xl(ee)l (eT) | Ax:T.e) | (AX:Tp.e).
We use capital letters T,S,... as metavariables for type expressions.
Conventions: A, A and V are all variable binders. An unbound variable x in e is freein e
(notation: x€FV(e) ). The substitution of a for x in e ([a/x]e) is defined by induction,
provided that a is free for x in e, as usual.

A context is a finite set I' of type variables; I'X stands for 'U{X}. A type T is legal in I" iff
FV(T) CT. A type assignment in I is a finite list E = (x:T),..., (xq:T) such that any T; is
legal in T'.

The typing relation I';E |- e: T, where E is a type assignment legal in I', e is a term expression

and T is a type expression, is defined as follows:

(assumption) I'E - xT if xxT)&E

EXT) - e S

(=D
I'E - (Ax:T.e) : (T—=S)

CEI-f: (T—=S) TEl-e: T
(—E)

EI-(fe) : S

IX;El-e:T
(VD (*)
IE - (AX: Tp.e) : (VX : Tp. T)

* 1f there is no variable in FV(e) whose type depends on X

E - f: (VX :Tp.T) I'-S:Tp

(VE)
T:E - (£S) : [S/X]T
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11. Second Order Lambda Calculus

Conversion Equations among well-typed terms are defined by the following axioms:

B. (Ax:A .b) e = [e/x]b

Bo. (AX:Tp .b) A =[A/X]b

n. Ax:A bx=Db if XEFV(b)

no. AX:Tp bX =b if X&FV(b)
and by the usual rules that turn “=" into a congruence relation.

Before starting the formal definition of the models for such a system, it is worthwhile to say a few
words about its interpretation, and to try to explain the following work by a naive presentation of the
categorical meaning of Ay. Note also that this chapter is followed by one entirely dedicated to
examples of the abstract categorical treatment which we follow here. The reader may find convenient
to check hi/her understanding of it against the structures presented in chapter 12.

As pointed out in chapter 8, any Cartesian closed category C can be used to give a categorical
semantics to the simply typed lambda calculus: types (which are just constant types or “arrow types”)
are interpreted by objects of C; terms of type T, with free variables x1:Tq,..., xq:Tp, are
interpreted as morphisms from Tjx...x T, to T. The categorical interpretation of the second order
calculus generalizes this semantics; in this case, however, the collection of types Tp must be closed
not only under the arrow construction, but also under universal quantification. If we write VX:Tp.T
as V(AX:Tp.T), where A is an informal lambda notation for functions, ¥V may be readily
understood as a map from (Tp — Tp) to Tp, as it turns the map AX:Tp.T in (Tp—Tp) into a
type. Thus, the interpretation of V' should be a map from Obc—Obc to Obc. The problem is that
this map has to be represented internally in some ambient category. A natural choice is to have some
sort of metacategory E such that C may be regarded as an internal category of E, in the sense of
section 7.2. Recall, in short, that C must consist of a pair (cq, c1) of objects of E such that,
informally, Obc =cg and Morc =cj. If E is Cartesian closed, then V may typed as V:
cn0—cy.

Objects of the kind Tp—Tp (i.e. “points,” or “elements” of c(©0) are usually called variable
types. As we have already seen, if o is a variable type, the type V(o) represents intuitively the
collection of all the polymorphic terms e such that, for all types T, (eT) : o(T). This is equivalent
to saying that V(o) is a dependent product that is, a product of different copies of c( indexed by ©
on elements of c( itself. The projections of this dependent product yield the instances of the
polymorphic terms in V(o) with respect to particular types. In other words, there will be in the
model an operation proj: (cp—>cg)xco—>c] that takes a variable type o: co—c(), atype T, and gives
a morphism proj5(T): V(0)—0(T); proj(T) describes how a polymorphic term of type V(o) can
be instantiated into the type o(T), thus modeling the application of a term e in V(o) to atype T.

By the definition of a dependent product, we will also have an isomorphism between the

polymorphic terms in V(o) and the collection of all the families {eT: o(T)} T of terms indexed
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11. Second Order Lambda Calculus

over all types. Let us call A this isomorphism, which relates a family of terms {eT: o(T)}Tec0 to
the polymorphic term A({eT: o(T)}Tec0) = AT:Tp.eT : V(0). The functions proj and A satisty
the following equations:

L. projo(S) (A({eT}TECy) ) =€S;

2. A{projo(T)©)}Tecy) = ¢ ;
whose meaning may be sketched as follows:
1. if we define a polymorphic function from the collection of functions {eT}Tec0, and then we
consider the particular instance relative to the type S, this is equal to the original function eg;
2. if, given a polymorphic function e, we consider the collection of all its instances
{projo(T)(e)}Tec, and then we use this collection to rebuild a polymorphic function, we obtain e
again.

Equations 1. and 2. above are the key facts allowing the interpretation of rules (3 and m,

respectively, for second order abstraction and application.

Exercise Compare equations 1 and 2 above with the equations for the categorical Cartesian product
pj ° <f1.fp>=1; for i=12;
<pi°f,ppef>=t.

11.2 The External Model

The informal discussion of the previous section should have motivated the use of internal concepts in
describing the semantics of A>. The model definition inspired by these ideas will be the main object
of study in this chapter and it is presented in the following section. We introduce here a different
notion of categorical model that does not require the use of internal concepts. It is based on an
algebraic generalization of the semantics of the simply typed lambda calculus in a bidimensional
universe of Cartesian closed categories indexed over another (global) CCC. We will call this model
“external.” In this model the collection of types is represented by a single object of the global
category, say c( (or €, as it is usually denoted in this approach), but no requirement is made in order
to have an internal category with c( as an object of objects. This fact, however, must be heavily
compensated for by a number of particular conditions that relate “on the nose” categorical properties
of indexed categories, which are not very intuitive. Thus, on one hand, the external model is more
manageable then the internal one; on the other, it is less limpid and, in a sense, less suggestive. We
claim that both these properties of the external model are due to the fact that it is a particularly simple
instance of the internal notion. More specifically, we will show that an external model is just an
internal one whose ambient category is a topos of presheaves, and whose object of objects ¢ is a

representable functor [_,€2]. The understanding we propose of the external model also sheds some
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11. Second Order Lambda Calculus

light on the interplay among the different conditions in its definition and gives a new justification for
some apparently ad hoc requirements.

At the base of the external notion of a model for Ap, there is the notion of a class of small
categories indexed over another (global) category E - essentially a contravariant functor G from E
to Cat. E is a Cartesian category with a distinguished object €2, which interprets the collection of
types. Products Q0 are used to give meaning to contexts. Arrows in E[QD,Q] represent types with
at most n free variables in the context QN .

The functor G: E—=Cat takes every context QI in E to a (local) category G(Q1) whose
objects are the types legal in that context. Thus these types appear both as arrows in E and as objects
in the local categories, and it is natural to require Obj(G(e)) = homp(e, €2). The arrows between two
types o and T in a local category G(QM) correspond to terms of type T and free variables in o©.
Every local category is required to be a model of a simply typed lambda calculus and, thus, it is
Cartesian closed. As for the interpretation of the polymorphic product it is described by an adjoint
situation between local categories; moreover this adjointness must be natural with respect to the global

parameter given by the context.

11.2.1 Definition An external Ay model XPL category) is a triple (E, G, Q) where:
1. E is a Cartesian closed category (global category);

2. Q is a distinct object in E;

3. G: EOP — Cat is a functor such that

i. for each object e in E, Obj(G(e)) = hompg(e, &), and, for each morphism OfJEE[e'e], the
functor G(of]): G(e) = G(e') acts on the objects of G(e) as homp(0o[]S2).

ii. for each object e in E, the (local) category G(e) is Cartesian closed; for every o[JEE[e'e],
the functor G(of]): G(e) — G(e') preserves the Cartesian closed structure “on the nose” (and
not just up to isomorphism); that is, for a,b€0bjG(¢) = homp(e, &) it satisfies:

a. G(ol)(tG(e)) = 1G(e') Where 1G(e) is the terminal object in Gfe)
Gal(!a) = 'G(ofl(a)

b. G(o[])(a X Gle)b) = G(of])(a) XG(e") G(o[))(b), where XG(e) is the product in G(e)
G(oL)fsta,b) = F1G( 0)(a),G( o)(b)
G(oL)(snda,b) = sndG( 0)(a),G( 0)(b)

c. G(Gﬂ)([a,b]G(e)) = [G(o[])(a), G(oﬂ)(b)]G(e'), where [,]G(e) is the exponent in G(e)
G(o[))(evaly p) = evalG( g)(a),G( o)(b)

iii. an E-indexed adjunction < Fst, V, A > : G — GQ, where

a. G2 : EOP — Cat (see definition 7.1.2) is the functor defined by
VecObr  G%(e) = GlexQ)
VoEE[e'e] G5 0) = G( oxidg)

b. Ve€EObE , Fst(e) = G(fste, Q) : Gle) — GQ(e) = G(ex$2) (with fst, 3 ex2—>e).
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11. Second Order Lambda Calculus

By definition 7.1.6 of an E-indexed adjunction, we have, for every object e in E, an adjunction
< G(fste Q)s V(e), Ale) >: G(e) — G(exQ)
and, moreover, A(e') ° G(o[]xidQ) = G(o) ° Ae)

11.2.2 Remark If (E,G) is an external Ay model, then we have the following natural
transformations:

xG(): hompxg(K2(), (Q.Q)) = homg(_, Q).

[IG( ) homgexg(K2(). (Q.Q)) — homg(_, Q)

V. homp(_x€, Q) = homg(_, Q),
where K2 is the diagonal functor.

Indeed conditions 3.ii.b and 3.ii.c in definition 11.2.1 express exactly the naturality of xG( )

and [’]G(_)’ while by definition V is natural from G2 to G and, a fortiori, also from
homp(_x%, ) to homg(_, ).

11.2.3 Lemma For every object a in E there are morphisms

xp SxQ—Q
Lp: $xQ — Q
Vp: Q2 —Q

such that, for each object e of E and for all objects o,t of Gfe),
X( °<O,T> = O XG(e)T
[Jo °<ot>= [0,T]G(e)

and, for each object p of G(exS2),
Vo > Alp) = Y(e)(p)

Proof We have the following natural transformations
€1 =xG() ° <> 1 :homg(_, QxQ) — homg(_, Q)
e2=Llg() ° <> -1 homg(_, QxQ) — homg(_, Q)
e3=V° A=l : homg(_, Q) - homg(_, Q)

where
xG(_): hompxg(K2(), (Q,Q)) — homg(_, Q)
[IG(): homgxg(K2(L), (2,Q)) — homg(_, Q)
Y: homp(_xQ, Q) — hompg(_, Q)

are the natural transformations of remark 11.2.2 and
<,>~1: homg(_, QxQ) = homgg( K2(), (2,Q))
A~L: homg(_, Q%) — homg(_xQ, Q)

are the natural isomorphisms given by the Cartesian closure of E.
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11. Second Order Lambda Calculus

Then, by the Yoneda lemma, the arrows X, [,]g, V( with the requested properties are obtained
by setting
x0 = €1(2xQ)(idQxQ)
[.]o = e2(R2xQ)(idQx Q)
Y = £3(Q2)(idoQ)
For example, we have, for o,t: e = Q,
X0 ° <0,t> = ¢1(RxQ)(1dQxQ) ° <0,T>
= homg[<0,t>, QxQ] (e1(2xQ)(IdOx )
= g1(e)(homg[<o,t>, @xQ|(1dOxQ))
=¢q(e) <o,T>
=0 XG(e)T.
The other equations are proved similarly. ¢

11.3 The External Interpretation
In this section we define, in several steps, the “external” interpretation of the second order lambda

calculus.

11.3.1 Type Expressions A type expression T legal in a context I' = {Xq,....Xp} 1is
interpreted by a morphism [T]r: [[']—=[A] in E (where [I'] = col=((txc()x...xc(), inductively

defined as follows:

1. [X;]r = sndefsth-i;
2. [S=TIr="Llo° <SSl [Tl >
3. [VX:Tp.TIr = Vo * A(TIrX).

Note that, as in the simply typed A-calculus, variables are projections and arrows are exponents.
Morover, impredicative types are interpreted by formalizing (externally) the informal discussion at the
end of 11.2 (see also 11.5.1).

11.3.2 Type assignment A legal type assignment E = (z1: Sqp)... (zy: Spy), in a context I, is
interpreted by the product (local in G([I']) )

[Elr = (..(tg([T]) X[S11D)--)X[Snlr = Xo" ° <...<tG([T]):[S1Ir>--.[SnlT >
where tG([T]) is the terminal object in the local category G([I']).

11.3.3 Terms A legal term M such that

I'=X1{,.Xp: E=(z1:S1)... (22 Sp) |- M: T

is interpreted by a morphism

257



11. Second Order Lambda Calculus

IMIrE : [Elr—I[TIr in the local category G([I']) .

The inductive definition is
1 [zi]TE = snd ° fstD-i;
2. [MNITE = eval * <[MITE, [INITE>;
3. [Ax:S.MIrE = AIMITE[x:S] )
4 [AX:Tp.MIrE = AIMITX;E):

IM[T]IrE = G(<id, [T] T >) (Proj([1)) * IMILE.
where Proje is the counit of the adjunction < G(fste Q), V(e), A(e) > : G(e)—=>G(exQ), i.e., Proje
= Ae)-L(id).

5.

11.3.4 Remark The interpretation we have just given is somewhat informal. Indeed we should
always specify in which local category we are working in, and we should add a lot of indices for the
natural transformations. Note also that the interpretation is not, as it could seem, by induction on the
syntactical structure of terms, but on the lenghth of the proof of their derivation (the proof that the
terms are well typed). For example, a fully specified interpretation for [AX:Tp.M]Tg would be: if
IX;EI-M: T and ©=[T]rx then [AX:Tp.MIrE = (A(TD(EIT; T) ) (IMITX:R)-

11.4 The Internal Model
In this section we define the notion of internal Ay model. The intuition is to require for an internal
Cartesian closed category cECat(E) the existence of the arrow V(: c)®0—c(), which gives the
depended product, in a such a way that equations 1 and 2 of section 11.1 are verified. We obtain by
this a characterization of internal models by means of ground equations, with the consequence that
internal models are preserved by limit- and exponent-preserving functors.

In what follows, we always assume that the ambient category E is Cartesian closed and has finite

limits.
11.4.1 Definition Let a be an object of E. lal is the internal category (a, a, id, id, id, id ).

The internal lal represents (internalizes) the discrete category with exactly one morphism (the

identity) for each point in a.

11.4.2 Definition Let ¢ = (¢, cj, DOM, COD, COMP, ID)ECat(E). Define then:
cx = (c€0, cj€0, DOMx, COD%, COMPx, ID«) with

DOMx = A(DOM -eval)

CODx = A(COD -eval)

COMPs: = A(COMP - evalxpeval °p)
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11. Second Order Lambda Calculus

IDx = A(ID °eval)
where p = <<Ilj°pj, p2>, <IIpepj, p2>>0: (c]€0 xp c1€0) x cg — (c €0 x c) x (c]€0 x c().

The idea behind the previous definition is that the object c+ represents internally the category of
functors from lIcgl to c. Note that, as Icgl is a discrete category, the functors F from Icgl to ¢ are
fully determined by their functions f(j on objects. In effect, this informal idea may be formalized by
the following remark: if E is Cartesian closed, so it is Cat(E). The object cx of the previous
definition is isomorphic in Cat(E) to the exponent of Icgl and c. The category cx may be also
regarded as the collection of all tuples of elements of ¢ indexed by elements in c(, for Icgl is a

discrete category.

11.4.3 Definition The constant internal functor K : c—cx is K = (ko, kj) with
ko = A(fst) : co—c¢0 where fst: coxcgo—>c( is the projection
kj = A(fst) : cj—cj€0 where fst: cjxco—c] is the projection.

K : c—=c* must be considered as a sort of diagonal functor. Informally, given an object b in ¢, its
image under K is the tuple (indexed on c¢q) of all-b elements (i.e., the constant-b function from c(
to cg). As a right adjoint to the diagonal functor K2: C—(C2 yields the categorical product,
similarly, a right adjoint to the functor K : c—cx yields the (categorical) dependent product indexed

over c().

11.4.4 Definition A model for A is given by 2
1. a Cartesian closed category E with all finite limits (global category);
2. an internal Cartesian closed category ¢ = (co,c],DOM,COD,COMP,ID)ECat(E);

3. a right (internal) adjoint to K: c —cx .

The requirements on the global category E in the previous definition could be slightly relaxed: the
notion of internal category can be also given in interesting ambient categories without all limits (see
the next chapter for an example). Similarly, for a model of A» we actually need only exponents of the
form e€0 in E. Our requirements are very close to those needed for models of the stronger calculus
Fw. In this case the only further condition is that of having a right (internal) adjoint to Kg: c—ce for
every object e of E, where ce = (co®, ¢1€, DOMg, CODg, COMPg, IDe) represents the category
of functors from lel to ¢, and Kg: c—ce 1is the internal functor defined by
Ke = (ke 0 = A(fst): cg—>¢c0®, ke 1 = A(fst): c;—¢1©).

By theorem 7.3.7, aright adjoint to K: c — cx is fully determined by

i. anarrow Vq: co®0— c,
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ii. anarrow PROJ: cj€0— ¢{€0 such that DOMz: ° PROJ =k ° V(y , CODx ° PROJ = id.
(if h:e = c®0, we use the abbreviation PROJp, for PROJ ° h)
iil. an arrow  A: X"— Y" where X" and Y" are respectively the pullbacks of
< DOM: , COD: > : ¢1€0— c()®0xc()€0, koxid : cgxco€0— c(“0xc€0
< DOM,COD > : c1— cgxcq, idxV() : coxcoCO—>coxcq

&
m "
Xn X' R CICD Y" HY »C1
¥ <DOM,,COD,> |y <DOM ,COD=
Affatyxid l 0¥ l
cgxeg LA, cpfoxed cpeeg® L e
such that:
g0. Yo A=y
gl. (PROJ * py °y) # ( A(fst) ° ITyn * A) =TIy
h. A~ <y, (PROJ° pp=y") % (A(fst) ° Iy ) >0 = idy

where hsk = COMPs ° <h,k>( = A(A-L(h) 0A-1(k)), and fst: cyxco—>cq is the projection.

PROJ is the counit of the adjunction. In order to understand its meaning, it is useful to compare it
with the counit of the Cartesian product. In that case, the counit is
(P(al,a2),1- P(al a2).2) € C2[ (K%(ayxap), (aj.a2) ]

where K2 is the diagonal functor. That is, the counit is a collection of morphisms P(al,a2),i in C,
indexed over objects (aj,ap) of C2 and objects i=1,2 in the category 2, such that each P(al,a2).i
has domain ajxaj and codomain a;. Analogously, PROJ: cy€0—c1€0 = cy“Oxcp—cq is a
collection of morphisms PROJ5(T) in cq indexed over objects o of cx and objects T of c
(which now corresponds to the category 2 above), such that each projection PROJ5(T) has domain
V(o) and codomain o(T).

Consider now two points f: t—=c1€0, g: t—>cq in ¢1€0 and cy. Informally, f is a family of
terms in ¢ indexed by objects in ¢, and g isatermin cy. If there exists some a such that
DOM - f =K ° a, that is if all the terms represented by f have a common domain a : t—c(, then
we can “apply” the isomorphism A and obtain the polymorphic term A°f (note the usual confusion
between application and composition resulting from reasoning about points). Conversely, if there
exists b suchthat COD-°g=V(°b, then g isa polymorphic term of type V(°b.

Formally, for every e in E, given f:e —¢1“0 and g: e— cq such that

DOM-f=Kp-a COD-f=b
DOM-g=a COD°g=Vyp°b
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equations (gl) and (h) above give
gl. PROJp # ( A(fst) ° ITyn ° A ° <<a,b>,f>0) =1
h. A ° < <a,b>, PROJp = ( A(fst) © g ) >0 = <<a,b>,g>(
and with easy manipulations, recalling that hxk = COMPx ° <h k>0 = A( A-1(h) 0 A-1(k) ), one
obtains
gl'. A( (eval ° PROJpxidgg)o(ITyn ° A ° <<a,b>f>q  fst) ) =f
h'. A ° < <a,b>, A( (eval - PROJpxidg)o(g ° fst) ) > = <<a,b>,g>(
which are the formalization of equations 1 and 2 of our informal discussion about second order

models in section 11.1.

11.5 The Internal Interpretation
Let us now summarize some of the data that come with an internal model. All these objects,
morphisms, and functions will be used to give an explicit definition of the interpretation for second
order terms as follows:
1. For the global category E:
- a terminal object T, products and exponents
- projections: fst, snd
- evaluation morphism: eval (used for defining COMP:x)
- pairing function: <,>
- “currying” function: A
ii. For the internal category:
- an arrow t: T — ¢ defining the internal terminal object
- an arrow  X() : coxcg —> ¢ defining the internal product
- an arrow [,]o : coxcp — ¢ defining the internal exponent
- an arrow V(): ¢9€0 — c() defining the dependent product
- internal projections: FST: cgxcg — ¢1, SND: coxcg — ¢
- internal evaluation morphism: EVAL: cgxcp — ¢
- instantiation morphism: PROJ: ¢)€0 — ¢{€0 of the dependent product
- internal pairing: <,>: (cgxcpxcq) % (c1xc1)—=(coxcoxcp) X0 €1
<,>(a,b,c, f: a—b, g:a—c) = (a,b,c, pairing(f,g): a—>bxc )
- internal currying function: A: (coxcgxc() xo ¢1— (coxcgxc) xQ €1
A(a,b,c, fraxb—c) = (a,b,c, curry(f): a—>cb)
- dependent pairing: A: (coxc©0) x ¢1€0 = (coxc©0) x( c1
A( a, 0,{eT: a—0(T)} ) = (a, 0, dep_pairing({eT}): a—=V(0) ).
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We point out that an internal model is completely determined by (pullbacks and) a set of ground
equations, that is, equations without (quantified) free variables; this contrasts with external models
(or with standard, “external” Cartesian closed categories, for that matter). An important consequence
of this is that internal models are preserved by limit- and exponent- preserving functors (that is
functors preserving the structure for sources and targets of the data defining the model). This fact will

be used later on to relate internal and external models.

Notation For e€Obp, el = (((txe)xe)x...xe) where t is the terminal object of E and e appears

n times.

11.5.1 Type Expressions A type expression T legal in a context T = {X7q, ..., X} is
interpreted by a morphism [T]r: co"—cq in E. In particular:

1. [Xilr =snd ° fsth-1
2. [S—TIr = [.lp ° < [SI, [Tl >
3. [VX:Tp.TIr = Yo ° A(Tlrx)

11.5.2 Type Assignments A type assignment E = (z]: S1)...(zm: Sp) legal in a context I’
={X1,...,.Xp} 1s interpreted by the product

[Elr =xo™M ° <...<tg © gL [S1Ir>-- o [Smlr> : co™ — ¢
where Xol = x( and, for i>1, XOi =XQ0° (Xoi‘lxid).

11.5.3.Terms A legal term e such that

I'={X1,...Xp}; E=[z1:S1]... [z;y: Sl |- e: T
is interpreted by a morphism

lelrg : co — ¢
suchthat DOM ° [e]rE = [ElT: co? — ¢

COD- [elrg =I[TIr:co™ — ¢

In particular,

1. [zi]lTE = SND o FSTN-i
(where for simplicity we omit the “indexes” for FST and SND);
2. if GEI-f:S—=T, IiEIl-e:S, o=[Slr, T=I[TIr, then
[felrE = EVALO’T 0 (<> ° < <<[EI[[S—=TIr>, o>¢ , <[fIrE.[eITE> >0);
3. if GEx:S)l-e:T, o=[SIr,t*=[T]r, then
[Ax:S.elTE = Hy' > A ° < <[E],0,Tt>, [C]FE(X:S) >0 ;
4. if I'GEl-e:T and 7 =[T]rX, then

[AX:Tp.elrg =y * & » < <[E],A(T)>, A(lelTX;E)>0
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5. if TLEl-e: VX:Tp.S and o= A([S] x), then
[eTITE = A~L(PROJ = (A(fst) ° [e]rE )) = <id, [T]r>
= (A-1(PROJ) o ([e]rE ° fst) ) © <id, [TI>
(where h + k = COMPx ° <h,k> ; hok = COMP ¢ <h,k>).

Given the above definitions, the proof of a soundness theorem, with the required substitution

lemmas, is a routine check (as straightforward as it is tedious and laborious).

11.6 Relating Models
In the previous sections, two different notions of model have been introduced. We are now interested
in the relation between them. It will turn out that the two notions are not as distant as they may seem.
We start by an analysis of how we can define an external model from an internal one. The
construction is based on the externalization process of an internal category via hom-functors
presented in chapter 7, which corresponds, essentially, to the Yoneda embedding. Since the hom-
functor preserves pullbacks and exponents, we will be able to show that any internal model yields an
“equivalent” external one.
Suppose that ¢ = (cq,c1,DOM,COD,COMP.ID)ECat(E) is an internal model. As the reader has
probably imagined, the functor [_,c] : EOP—Cat of definition 7.4.2 plays the role of G in the

external approach. For ease of reference, we recall here that definition.

11.6.1 Definition Let cECat(E). The functor G = [_,c] : E°P— Cat is defined in the following
way:

on objects e€E [_c] =[ec];

on arrows o:e'—e [_,c](0) = [0o,c] is the functor from [e,c] in [e'.c] which is defined as

[o,co] on objects and as [oO,c]] on arrows.

11.6.2 Lemma V o: ¢'—e, G(0) = [O,c]: [e,c]—[e',c] acts on the objects of [e,c] (i.e., on

Ele,co]) as E[o;,cq].
Proof By definition. ¢

11.6.3 Lemma [f c¢ is (internally) Cartesian closed, then, for every e in E, E, . is Cartesian
closed.
Proof (sketch)
Let 1.<O, T,0>:c—1
2. <A X,<,>>:C— CXC
3.<x,[,] ,A>:c—c
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be the internal adjunctions given by the Cartesian closure of c¢. Then <[_F], [_,G], © >:
[_,c]—[_.d] is an E-indexed adjunction. By proposition 7.4.11 there are three E-indexed adjunctions
1. <[_,0], [_,T], o' >: [_,c]l—=[_,1]
2. <[_A] [Lx], <>>:[_c]—=[_.cxc] =[_,c]x[_,c]
3.<Lx], [, L], A'>: [_c]—=[_,c] with parameters in [_,c].
Hence for every e in E, [e,c] is Cartesian closed, since [e,1] is the terminal category in Cat and

[e,A] : [_,c]—=[_,c]x[_,c] is the diagonal functor. ¢

Propositions 7.4.10 and 7.4.11 allow us to give an explicit definition for the natural
isomorphisms in (1')-(3") above. In particular,
given O,T, Y :e—>c(, and f:e —cyxc| suchthat DOM-f=Ap°0, COD°f =<7,y >
<,>'(f) = Hy c <> (<<0,<T,y>>, f>)): e —=>cy;
given O,T,Y : e—>¢(), and g:e—>c| such that DOM°g=0,COD°f =xp°<7T,y>
<,>"1(g) =TIl ° <>l (< <o, <T,¥> >, >0 ) € —>C|XC];
given O,T,y:e—>cp and f:e—c| suchthat DOM-f=xp°<o,t> COD-f=y
A = Hy' cAe(<<<o,t>, 7>, f):e—>cy;
given 0,T, 7 : € = ¢ and g: e—> c| such that DOM °g= 0,COD°g=1[,]p° <t,y >
A"l(g) =TII' A=l (<<0o,<t,7>, g):e—>cq.
By exercise 7.4.12, given 0, : e—>c(), the projections associated to <,>' are derived from the
internal projections FST and SND by
FSTg 1 =FST ° <0,t>: e—>cq
SNDg ¢ = SND © <o,1>: e—cj.
Note that

DOM - FSTq ¢
COD ° FSTg ¢
DOM - SNDO,I =X() ° <0,T>
COD °SNDg ¢ = .

Analogously, given o,t:e —>c(, the counit EVALG ¢ of A’ for the object [,]Jp°<o,t> is
EVALGr=EVAL-°<0t> e — ¢

where EVAL is the internal evaluation map.

Note that

XQ ° <0,T>
o

DOM - EVALO’I =x0 ° <L.Jo° <0,T>, 0 >
COD°EVALGy =T.

11.6.4 Lemma Let c be (internally) Cartesian closed. Yo: e'—e, [O,c]: [e,c]—[e,c'] preserves

the Cartesian closed structure "on the nose".
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Proof We only consider the product; the other cases are similar.
Vt,yin [ec] [o.cl(txy) = [o.,c]( [ex](T,y))

= [o,c]( xp ° <T,y>) by def. of [e,x]

=X()° <LY>°O

=X()°<T°0,y°0>

=x0 ° < [o,c](D), [o,c](y) >

= [ex]( [o,c](D), [o.c](Y))

= [o,c](T) x [o,c](y) by def. of [e,x]. ¢

11.6.5 Lemma For every e, a objects of E, [e,clal] = [exa,c] .
Proof E is Cartesian closed, thus there are the isomorphisms
Ag cq: Elexa, cql = Ele, cp?]
Ag ¢ Elexa, c1] = E[e, c14].
Ag ¢ and Ag ¢, are respectively the functions on objects and on arrows of a functorAA from [exa.c]
to [e,clal] . Indeed, for every o: exa—c(
Ae’cl(ldo) = Ae’cl(ID ° 0)
= Ae’cl(ID ° eVal ° AC,CO(O)de )
= Ae’cl(ID ° eVal) ° Ae,CO(O)
=IDclal ° Ag ¢4(0)
= 1dA(o)
and for every f, g: exa—c|
Ae’cl(g ©) f) = Ae’cl(COMP ° <g,f>)
= A(COMP - <eval ° Ae’cl(g)xid, eval ° Ag ¢ 1(f)><id>)
= A(COMP- evalxeval ° <A¢ ¢ 1(g)xid, Ae,cl(f)xid> )
= A(COMP: evalxeval ° p ° <Ag ¢,(8), Ae,cl(f) >xid)
= A(COMPrevalxevalep) ° <A ¢,(8), Ae ¢ (f) >
= COMPC|3| ° <Ae,cl(g), Ae’cl(f) >
= Ae,cl(g) 0 Ae,cl(f)
Similarly, Ae,co-l and Ae,cl_l define the functions on objects and on arrows of A=1,

respectively. ¢

11.6.6 Lemma Let K: c—>cx be the functor of definition 11.4.3. For every e in E, A-l-aK]=
G(fst) = [fst,c] : [e,c]—>[e,c|a|].
Proof On objects o: e—c(
(A~ [eKD(©) =A1(eKI](©))
=A-lkgy° o) by def. of [e,K]
= A—l(kg) * oxid
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= fst ° oxid by def. of kq
=0 ° fst
= [fst,c](0) by def. of [fst,c].

On arrows f: e—c)
(A~Le[e XD =A~L(eK](f))

=A=1l(ky°f) by def. of [e,K]

= A=1(ky) ° f xid

= fst° f xid by def. of k
=f-fst

= [fst,c](f) by def. of [fst,c]. ¢

11.6.7 Corollary Let 2 = cq . Then for every e in E, <[fstc], [e,V] ° A, Ao Ae,01> :
[e,c]—=[exS2c] is an adjunction.
Proof By lemma 11.6.6, [fst,c] = A-1A[e,K] . Then we have the isomorphisms
Aecy A’
[exQucl[Ae o L[ KO, 1] = [ec][ [eKI(©), Ae cy(®)]

1

[e.cll o, [e.¥1(Ae co(D)]. ¢

Note that, given 0: e—>c() ,t: exa—>c() , and f: exa—c] such that
DOM - f = A—1([e.K](0) ) = 0 ° fst
COD-f =T,
we have A" Ae,cl(f) =IIy"°A-°(<<0,T>, A(f) >g): e—>cy, where IIy" is as in the diagram
after definition 11.4.4.
Analogously, given o: e—>c(), T: exa—>c(), and g: e—>c such that
DOM-g= o
COD - f =[e,V](A(t) ) =V ° AT)
we have the following:
(A Ae ) l(e) =
= Aec; !t (A L(e))
=A~L(I1x" - A=l (<<o,t>,8>0))
=eval - (ITx" ° A-1o (<<0,T >, g>0 ) )xid: exa—c].
In particular, given o : e — c(C0, the counit (A’ Ae,cl)'l(id[e,‘v’]( At))) 18
Projg = eval (IIx" A=l (< <0, 1>, 1DV A(G) > ) )xid: excy — ¢
= eval ° (PROJ ° <s,t>)xid
= A-1((PROJ ° <s,t>)

where PROJ is the internal counit.
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11.6.8 Lemma The isomorphism of the adjunction in corollary 11.6.7 is also natural in e; that is,
for every y:e—e', [y,c] °( A'°Ae,cl )=( A'°Ae’cj) ° [yxid,c].
Proof For every y: e—e', and f: exa—cj such that
DOM - f = A—L([e.K](0) ) = 0 ° fst
COD-f =t (whereo:e —cq,t:exa—>c()
([y.cl* (A Ag e () = [1:¢] (A(Agcy()))
= [y.c] ( Hy" cA° <<0,t>, A(f)>p )
=Ty °A° <<0,t>, A()>) °y
=Ty °A° <<c°y,t°7> Ay >
=TIy °*A° <<G°y,T°Y >, A(f ° yxid) >
= (A" Agc,) (f = yxid)
= (A" Ag ¢ (Iyxid.cl(h) )
= (A" Aecy) ° [yxide]) (D). #

11.6.9 Theorem If (E,c) is an internal Ay-model, then (E, cg, G=[_,c]) is an external A»-
model. Moreover, for any legal expression Q of Ao, the internal interpretation of Q in( E,c)
coincides with the external interpretation of Q in (E, cg, G=[_,c]); t hat is, they are the same arrow
in E.

Proof Easy, by the previous lemmas. ¢

Now we prove that, using the “internalization” technique of chapter 7, we obtain from any external
model G:EOP—Cat an internal model in the topos of presheaves EOP—Set. The translation
shows that, essentially, any PL-category is nothing else but an internal category in the category of
presheaves having as object of objects the contravariant hom-functor. Recall (see definition 7.5.1)
that given an E-indexed category G: EOP—Cat , we can build an internal category G = (Gq, G1,
DOM, COD, COMP, ID)ECat(EOP—Set) in the following way:
for all objects e, ' and arrows f: e'—e in E:
- Gp: EOP—Set is the functor defined by
Go(e) = ObGye)
Go(f) = G(B)op : ObG(e)—>ObG(e')
- G1: EOP—Set is the functor defined by
G1(e) =Morp(e)
G1(®) = G(Omor : MorG(e)—>MorGe')
- DOM: G1—G 1is the natural transformation whose components are the domain maps in the

local categories, i.e., for e€0bg, DOMe: MorGe)—>ObGe) is defined by
DOMe(h:0—1) = 0.
- COD, ID and COMP are defined analogously, “fiber-wise.”
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Note in particular that if (E, c¢g, G) is a PL category, then Go= E[_, Q].

11.6.10 Proposition If (E, cg, G) is a PL category, then G is an internal Cartesian closed
category.
Proof By proposition 7.5.4. ¢

Before showing that G also has an internal dependent product, it is useful to take a closer look at the

structure of the involved exponents in EOP—Set.

11.6.11 Lemma Let H: EOP —Set be any functor, and let Gy = E[_, §2]. Then their exponent
HGo: EoP—Set is given, up to isomorphisms, by the following data:
a. HGO(e) = H(exQ)
HGo(f) = H(fxido);
b. eval : HGox Gop—H
evaly(m.f) = H(<id,, f>)(m), for e€ObE, mEH(exQ), fEE[e,2];
c. A :Nat[FxG, H] = Nat[F, HG0]
A(T)(e)(m) = Tox A F(fst)(m),snd),
where tT: FxGog—H, e€0bg, mEF(e), fst:ex2—e, snd: exQ2—L.
Proof We use the usual definition of exponents in the category of presheaves (see section 3.5) and
prove that the one given above is equivalent up to isomorphisms. Remember that
HF(e) = Nat[E[_.e]xF, H]
HF (f:e'—e)(0) = 0 ° E[_ f]xidp
where E[_.f] is the natural transformation from E[_,e'] into E[_,e] defined by E[_f]=1f-°_.
When F=Gg=E[_, Q], we can use Yoneda's lemma and have
HGO(e) = Nat[E[_,e]xE[_, 2], H] = Nat [E[_,ex€2], H] = H(ex2).
Let now f€E[e'e]:
HGo (f) (o) =0 E[_fIxE[_,idgQ] = 0 ° E[_,fxidg]ENat[E[_,e'x€2], H] = H(e'x2)
Hence, the Yoneda isomorphism yields HGO(f) = H(fxidQ).
Let us check that the above expressions for eval and A satisty the equations for the exponents. We
have to prove that eval ° A(t)xid =t and A(eval ° hxid) =h; let m&F(e) and fecq(e):
evala((A(T)exide)(m,f)) =

= evale(TexQ (F(fst)(m), snd), f) by def. of A

= H(<idg, £>)( texQ (F(fst)(m), snd) ) by def. of eval

= T (F(<ide, £>)(F(fst)(m)), snd ° <ide, £>), by naturality of T
= 1o (F(fst ° <idg, £>)(m), ) for F functor

= Te(m, 1)
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A(eval ° hxid)e (m) =
= (evalexQ ° hexOxidex ) (F(fst)(m), snd) by def. of A
= evalexO( hexQ(F(fst)(m)), snd))
= H(<idexQ, snd>)( hex(F(fst)(m)) ) by def. of eval
= H(<1dex, snd>)(H(fstxidQ)(he(m))) by naturality of h
= H( fstxidQ) ° <idexQ, snd>)( he(m) ) for G functor
= H(<fst,snd>) ( he(m) )
= heg(m). ¢

The following lemma exploits the results above in order to give an explicit definition of the constant

internal functor K: G — Gx, whose right adjoint will give the depended product:

11.6.12 Lemma The internal functor K = (ko, kj): G— G= of definition 11.4.3 is given in
EOP—Set by
ko(e) = G(fst)op;
ki(e) = G(fst)mor
where fst:ex$2—e in E.
Proof Definition 11.4.3 gives the following for K
ko = A(fst) : Gop—>GU0 where fst: GoxGop—G( in EOP—Set
k1 = A(fst) : G1—G1 00 where fst: G{xGy)—G1 in EOP—Set.
Note first that, for eObp, the components of the natural transformations fst above behave as the
first projections. Now let h&cq(e); then
ko(e)(h) = A(fst)(e)(h)
= fstaQ( Go(fst)(h), snd ) by lemma 11.6.12, where fst:ex€2—e in E
= Go(fst)(h)
= G(fst)(h).
Analogously, for any g&cq(e):
k1(e)(g) = Ads(e)(g)
= fstex( c1(fst)(g), snd )
=G (fst)(g)
= G(fst)(g). ¢

11.6.13 Theorem Let (E, G, 2) be an external model; then G is an internal model. Moreover,

for any legal expression Q of Ap, the external interpretation of Q in (E, G, ) coincides with the

internal interpretation of Q in G ; that is, they are the same arrow in E.
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Proof G is Cartesian closed, by proposition 11.6.11. By definition of an external model, the
functor G(fst) has a right adjoint V:G$2—G. In view of lemma 11.6.12, this is all we need for the
proof. ¢

By the previous theorem, and by the particularly simple way the category G is defined from the
indexed category (E, G, €2), every external model can be thought of as an internal model. We could
even say that external models are the internal categories in the topos of presheaves that have the
(contravariant) hom-functor as object of objects (and that have the required internal structure, of
course). In this sense, external models are less general than internal ones, since they result from
fixing some data in an internal model. Note that we have also obtained a posteriori a justification of
the apparent simplicity of the external model. This is due to the choice of the well-known topos of
presheaves as ambient category and of the hom-functor as canonical object of objects for the internal
categories in this topos. This approach, though not fully general, allows a great simplification in the
definitions of the involved exponents.

A final comparison between the two approaches is suggetsted by the following remark. Note first
that any internal model in a presheaves topos “is” an indexed category; thus, one can think as well of
a definition of indexed category model in which also the indexing functor is not representable. On the
other hand, if the indexing functor is chosen to be representable, as in the external model, one may
wonder why only the object of objects should enjoy this privileged condition. Note that if we
suppose that also the object of morphisms is representable, i.e., c{ = E[_, 1], then by the Yoneda

embedding, we have an internal model ¢ =( €2, 21, ...) in E.
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