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Abstract

Higher order grammar (HOG) is a linguistic formalism that aims to
combine the advantages of existing constraint-based formalisms (such as
HPSG) and proof-theoretic ones (such as categorial grammar) by using
higher-order logic (HOL) as the description language; the underlying in-
tuitionistic type system plays a role analogous to that of a categorial type
logic, while the classical higher-order term logic serves to impose con-
straints (analogous to the role played by RSRL in HPSG). Here we focus
on semantics, showing how the use of a HOL with definable substypes
leads to a novel and surprisingly straightforward solution of the notori-
ous granularity problem about natural-language (NL) meanings. We also
call attention to a hitherto unnoticed problem in standard approaches to
NL semantics having to do with nonprincipal ultrafilters and show why
it does not arise under our proposal. The two main technical innovations
that make the proposal work are (1) axiomatization of NL entailment as
a preorder (as opposed to an order) on the set of (primitive) propositions,
and (2) definition of the set of worlds as a certain subset of the powerset
of the set of propositions.

1 Background on Higher Order Grammar

Higher Order Grammar (HOG, [19], [18], [17]) is a framework for linguistic
theory developed by the author together with Jirka Hana since early 2001. It
belongs to a loose assemblage of approaches to natural language that might
be called multistratal type-theoretic approaches, which also include Ab-
stract Categorial Grammar (ACG, [3]), Lambda Grammar ([15]), and Gram-
matical Framework ([20], [13]), all of which emerged independently around the
turn of the millenium. Shared characteristics of these approaches include: dis-
tinguishing between tectogrammar (abstract syntax) and phenogrammar
(concrete syntax); separate type theories each with its own Curry-Howard proof
term calculus, for each of (a) tectogrammar, (b) phenogrammar, and (c) mean-
ing; and the interpretation of signs (tectostructures) into concrete linguistic
forms (phenostructures) and meanings via structure-preserving translations of
the term calculi.

What distinguishes HOG from the other approaches in this family is the
use of full intuitionistic propositional logic for the type logics rather than linear
logic, more specifically a bivalent boolean version of Lambek and Scott’s higher-



order categorical logic ([12]). This logic differs from the more familiar higher-
order logics in the Church-Henkin-Montague tradition in providing for lambda-
definable subtyping, which plays a central role in this paper. Set-theoretic
models of theories in this kind of logic are just like the familiar Henkin models,
but augmented with cartesian products and lambda-definable subsets. The
simplicity and familiarity of such models makes this kind of logic accessible and
practical for working linguistic semanticists. However, there are more general
categorical models ( bivalent boolean toposes), which make allowance for the
possibility of uninhabited types (i.e. types other than the empty (counit) type
for which there are no closed terms) should the need arise; and the boolean
condition is easily dropped should one wish to experiment with intuitionistic
theories of linguistic meaning.

2 Two Problems in Linguistic Semantics

The subtyping facility of the underlying logic has application to all levels of lin-
guistic description, but in this paper, we limit attention to the HOG semantic
theory, presenting first the underlying lambda calculus and its extension to a
classical bivalent predicate logic (section 2), followed by an exposition of the
semantic theory itself (section 3). The central notion of the theory is that of
hyperintensions', mathematical models of Fregean senses of a finer granular-
ity than the familiar intensions (functions to extensions from worlds, where
the worlds in turn are theoretical primitives) of mainstream Carnap/Montague-
inspired semantics (hereafter called the standard theory, with which we as-
sume general familiarity).

To illustrate the power of the theory, we show how it solves two perplexing
problems of the standard theory, one long-standing and notorious, the other
apparently heretofore unrecognized. The notorious one is the so-called granu-
larity problem, which we briefly review in section 2.1. Although this problem
has generated a vast literature, none of the solutions proposed so far has gained
widespread acceptance; we believe the solution provided here to be unprecedent-
edly straightforward, accessible, and conservative (in the sense of preserving as
much as possible of what is good about the standard theory). The new problem,
which involves nonprincipal ultrafilters, will be introduced in section 2.2

2.1 The Granularity Problem

The granularity problem is that in the standard theory there are not enough
intensions to account for a wide range of robust intuitions about NL entailments.
We illustrate with three examples.

(1) Heperus and Phosphorus

a. (The ancients realized that) Hesperus was Hesperus.

b. (The ancients realized that) Hesperus was Phosphorus.

IThe theory improves on an earlier effort to formulate a simply-typed hyperintensional
semantic theory ([4]).



(2) Frege’s analysis of Hesperus and Phosphorus:

1. The sense expressed by an expression depends on the senses expressed by
its parts.

2. Although they have the same reference, the names Hesperus and Phos-
phorus express different senses.

3. Hence the sentences in (1)a-b express different propositions, so it is un-

surprising that the ancients believed one but not the other.

(3) Hesperus and Phosphorus in the Standard Theory

1. The meanings of Hesperus and Phosphorus are functions from worlds to
entities.

2. Assuming rigidity of names ([11]), they are constant functions.

3. At at least one world, both functions take the value Venus, and so they
are the same constant function.

4. So Hesperus and Phosphorus mean the same thing, and consequently (pace
Frege) the sentences in (1)a-b express the same proposition.

(4) Woodchucks and Groundhogs

a. Phil is a woodchuck.

b. Phil is a groundhog.

(5) Woodchucks and Groundhogs in the Standard Theory
1. Standard-Theory Meaning Postulate:

Vweworld Viemd (woodchuck(4) (w) < groundhog(i)(w))
2. By HOL, woodchuck = groundhog
3. Therefore (i) and (ii) express the same proposition:
i. Jim believes Phil is a groundhog.

ii. Jim believes Phil is a woodchuck.

(6) Paris Hilton and the Riemann Hypothesis

a. Paris Hilton is Paris Hilton.

b. All nontrivial zeros of ¢ have real part 1/2.



(7) Background for Paris Hilton and Riemann

1. (6)b is the Riemann Hypothesis, the most famous unresolved conjecture
in all mathematics.

2. For a declarative sentence R, to know whether R is to know that R (if R
is true) or to know the denial of R (if R is false).

(8) Paris Hilton and Riemann in the Standard Theory

1. There is only one necessary truth, so whichever of (6)b and its denial is
true expresses the same proposition as (6)a.

2. Paris Hilton knows that Paris Hilton is Paris Hilton.

3. So if (6)b is true, then Paris Hilton knows that all nontrivial zeros of ¢
have real part 1/2.

4. And if (6)b is false, then Paris Hilton knows that not all nontrivial zeros
of ¢ have real part 1/2.

5. Hence, Paris Hilton knows whether all nontrivial zeros of ¢ have real part
1/2.

As pointed out to the author and Shalom Lappin by Howard Gregory (p.c.),
the source of the granularity problem is the antisymmetry of entailment as
modelled in the standard theory, which arises directly from the modelling of
propositions as sets of worlds (which themselves are ontological primitives a la
Montague ([14]) and the later Kripke ([10])) and of entailment as the subset
inclusion relation on the powerset of the set of worlds. There is simply no
getting around the fact that the inclusion relation on a powerset is an order,
and therefore antisymmetric.

2.2 Nonprincipal Ultrafilters

The second problem with the standard theory seems to have been overlooked
so far. By way of background, there is another tradition, one which is both
intuitively satisfying and of long standing ([1], [9], [8], [21]) of constructing
worlds (or equivalently, maximal consistent sets of propositions) as ultrafilters
(i.e. meet-closed and upper-closed proper subsets which for each proposition p
contain either p or its complement) over the boolean algebra of propositions.
That is, one takes the propositions as primitive and constructs worlds out of
them rather than the other way around as in the standard theory. Now if the
boolean algebra is finite, the two approaches coincide. This is because in a finite
boolean algebra, a subset is an ultrafilter iff it is a principal filter generated by an
atom; in the special case where the boolean algebra is the power set of the set of
worlds, the atoms, namely singleton sets of worlds, (and thefore the “constructed
worlds” themselves) are in one-to-one correspondence with the primitive worlds.
However, if the ambient set theory has Choice, it is well known that any infinite
boolean algebra can be shown to have a nonprincipal ultrafilter. Since there are
uncontroversially infinitely many propositions, it follows (assuming Choice) that
there are some ways things might be (maximal consistent sets of propositions)



which are not being taken into account by limiting the domains of intensions
(as functions) to the set of primitive worlds.

2.3 Our Proposed Solution to Both Problens

The essence of our solution is (1) to follow the tradition of constructed worlds,
thereby eliminating the problem of excluding the nonprincipal ultrafilters, while
(2) not imposing antisymmetry on the algebra of propositions, thereby elimi-
nating the pernicious identification of mutually entailing propositions. In short:

(9) The Essence of our Proposal
1. Propositions are primitives;

2. they form a boolean preordered algebra (hereafter, boolean prealge-
bra) preordered by entailment;

3. possible worlds are just the ultrafilters; and

4. ‘pis true in w’ just means p € w.

Here, by boolean prealgebra we mean a prelattice which satisfies all the conditions
to be a boolean algebra but with equalities replaced by the prelattice equivalence
relation (mutual entailment. where entailment is the preorder.) The axioms for
such structures will be given below. The most familiar example of a boolean
prealgebra is the set of formulas of classical propositional or predicate logic
preordered by logical consequence.

Obviously the Stone Representation Theorem for boolean algebras cannot
generalize to boolean prealgebras, since powerset algebras are antisymmetric.
However, the principal lemma Stone used to prove the Representation Theorem
does generalize, as does the following corollary, which will play a key role for
us:

(10) Stone’s Lemma (There are Enough Ultrafilters)

If p and ¢ are elements of a boolean prealgebra and p [~ ¢, then there is an
ultrafilter w such that p € w but ¢ & w. O

(11) Corollary (Boolean Equivalence and Ultrafilters)

If p and ¢ are elements of a boolean prealgebra, then p = ¢ iff for every ultrafilter
w, p € w iff ¢ € w. O

3 The Underlying Logic
We start with a standard simply typed lambda calculus with pairing?. But

instead of Church’s ([2]) or Henkin’s ([7]) two basic types (which we will call
Ent (entities) and Bool (truth values) or Gallin’s ([5]) three (Ent, Bool, and

2I.e. the type logic is positive intuitionistic propositional logic, so the type constructors are
1, X, =, and the term constructors include pairing and left and right projections in addition
to the usual application and abstraction.



World), we have four: Ent, Bool, Ind (individual concepts, the things that have
entities as extensions), and and Prop (propositions, the things that have truth
values as extensions). Crucially, World is not a basic type!

Following a general strategy initiated by Church and adapted to a more gen-
eral (categorical) setting by Lambek and Scott, we extend our lambda calculus
to a classical higher-order predicate logic. The key points of this extension are
as follows: First, we add equality constants =4:: (A x A) = Bool and treat the
usual lambda term equivalences as object-language axioms about equality. The
usual (intuitionistic) logical constants (including the truth values true and false)
are then defined in terms of equality and lambda abstraction. These become
classical with the addition of:

(12) Axiom of Excluded Middle
F VieBool(t V —it)

We also need the following axiom, explicitly rejected by Church, which was
added by Henkin (for completeness with respect to Henkin models) and by
Lambek and Scott (for completeness with respect to the more general categorical
(topos) models):

(13) Axiom of Boolean Extensionality

- v(w,y)eBooleool[(z —y) — (x =1y)]

Of crucial importance is the machinery for handling subtyping:

(14) Subtypes and Characteristic Functions

1. We have one more way of forming types: if a :: A = Bool, then A, is a
type (intuitively: the subtype of A whose members satisfy the predicate

a);

2. We have one more way of forming terms: if a :: A = Bool is closed, then
ker, :: A, = A (intuitively: the embedding of A, into A); and

3. we have one further axiom schema

F v(:n,a)GA><(A$Bool) (a(m) A 3yEAa'T = kera(y))
(Intuitively: a is the characteristic function of A4,.)

The following axiom ensures that true and false are distinct:

(15) Nondegeneracy
F —(true = false)

And finally, we must ensure that true and false are the only truth values. In
the presence of the axioms already imposed, this condition, known as bivalence,
can be shown ([12], [6]) to be equivalent to the following:



(16) Disjunctivity
For all boolean terms ¢ and ¢, if - ¢ V ¢, then F ¢ or F 9.

The categorical models of this kind of logic are the bivalent boolean toposes.
Special cases of these, called well-pointed toposes, are (up to isomorphism)
just the familiar Henkin models ([7]) with some extra structure (finite cartesian
products and lambda-definable subsets).?

4 A Hyperintensional Semantic Theory

4.1 Hyperintensional Meanings
Our theory starts by introducting types for hyperintensions, which replace in-

tensions as our models of Fregean senses:

(17) Meanings are Hyperintensions (not Intensions)
The set of hyperintensional types is defined as follows:

1. 1 is a hyperintensional type;

2. Ind and Prop are hyperintensional types;

3. If A and B are hyperintensional types, so are A x B and A = B

4. If a :: A = Bool is closed and A is a hyperintensional type, so is A,.

5. Nothing else is a hyperintensional type.

The corresponding extensional types are defined as follows:

(18) Extensional types corresponding to hyperintensional
types *

1. Ext(1) =qef 1;

2. Ext(Ind) =gt Ent;
3. Ext(Prop) =qet Bool;
4. Ext(A x B) =4ot Ext(A) x Ext(B); and
5. Ext(A = B) =gt A = Ext(B)

In NL semantics, our central object of study is the entailment relation be-
tween propositions (declarative sentence meanings). This we axiomatize as fol-
lows:

3We remain agnostic for the time being as to whether the well-pointed toposes suffice for
applications to NL semantics. But for familiarity, we will speak of the models as if they were
well pointed, e.g. ‘set’ for ‘object’, ‘subset’ for ‘subobject’, ‘function’ for ‘arrow’, ‘preorder’
for ‘internal preorder object’, etc.

4The definition of corresponding extensional type for a lambda-definable subtype of a given
hyperintensional type is omitted here because of space limitations, but see [16].



(19) Axiomatizing the Entailment Relation

1. The entailment symbol is an object-language basic constant:

:: (Prop x Prop) = Bool
2. Entailment is an (internal) preorder (here p, g, :: Prop):

(a) FVu(p Ep)
() FV¥pameED — ((gET) — @ET)))

3. Propositional equivalence is defined as mutual entailment:

= =def )\(p,q)((p ': q) N (q ': p))

4. Crucially, = cannot be proven equal to =pop.

5. Cf. (13), which says < is equal to =gl

Next we introduce the constants used to translate English logic words, and
suitable meaning postulates for them:

(20) Translations of English “Logic Words”

1. truth :: Prop abbreviates the translation of an arbitrarily chosen necessar-
ily true English sentence.

2. falsity :: Prop abbreviates the translation of an arbitrarily chosen ne3cessaily
false English sentence.

3. not’ :: Prop = Prop abbreviates the translation of it is not the case that.

4. and’,;or’ :: (Prop x Prop) = Prop are the respective translations of (the
sentential conjunctions) and and or.

5. if"...then’ translates the discontinuous sentential conjunction if ... then.

Our next set of axioms says that in a model, the interpretation of the type
Prop forms a boolean prealgebra with the meanings of the logic words as the
operations:®

(21) The Entailment Preorder is a Boolean Prealgebra
1. F ¥, (p [=truth)

2. VY, (falsity = p)

3. F V(p,q)((p and’ q) = p)
- v(1741)((17 and’ q) = q)

5The first eight of these say that the propositions form an (internal) bicartesian-closed
preorder (i.e. a heyting prelattice object), and the last two say that every proposition is
equivalent (not equal) to its own double negation.




4 FYplllcED A (ET) = (pE(gand 1))

5. Fv(p,q)(p = (por q)
F V. (@ E (por q))

FVpanl(PED A (@ET) = (por q) 7))
= [((if" p then’ ¢) and’ p) |= ¢

F VY (p.gn [((rand' p) = q) — (r = (if' p then’ g))]
F Vp((not' p) = (if' p then’ falsity))

10. + ,[(not’ (not’ p)) = p]

© ® 3 &

4.2 Constructed Worlds

In order to conduct the usual semantic business with worlds (modality, coun-
terfactuals, the taking of extensions at worlds, etc.), we need to have worlds in
the theory. This might seem problematic, since we have no basic type for them.
However, the existence of lambda-definable subtypes comes to our rescue, as
follows:

(22) Constructing the Type of Worlds

1. In a model, worlds should be certain sets of propositions, so together they
are a subset of the set that interprets Prop = Bool.

2. More specifically: they should be the set of ultrafilters of the boolean
prealgebra that interprets Prop.

3. So far this is just a set-theoretic construction on models, but we can

internalize it by defining the type World to be the subtype

[Prop = Bool],

where u :: (Prop = Bool) = Bool is the predicate on sets of propositions
such that u(s) says of s that it is an ultrafilter.

This is possible because ultrafilterhood is a definable predicate of sets of
propositions.

(23) Being an Ultrafilter is a Lambda-Definable Predicate:
w is Ag[a(s) A b(s) A c(s)] where
L a(s) is Vi) [(s(p) A p = q) — s(q)];
2. b(s) is Y, [(s(p) A s(q) — s(p and’ g)]; and
) A

3. ¢(s) is —s(falsity’) A Vp(s(p) V s(not’ p)).



Here a(s) says s is upper-closed (i.e. closed under entailment; b(s) says s is
closed under binary least upper bounds (i.e. closed under propositional conjunc-
tion), and ¢(s) says s excludes necessarily false propositions and “settles every
issue” (for each proposition, contains either that proposition or its negation).

We are now in a position to say what it means for a proposition to be true
at a world.

(24) How to Say “p is True at w”
1. In the standard approach: p(w)

2. Under our proposal: first guess would be w(p), but this is ill-typed since
w :: World, not w :: Prop = Bool.

3. But World = [Prop = Bool], where u is defined as in (23), so ker, :
World = (Prop = Bool) denotes the embedding of the set of worlds into
the set of sets of propositions.

4. So the right way to say “p is true at w” is ker, (w)(p).

5. For this reason, we will usually abbreviate ker, (w)(p) to pQu.

Now that we have worlds, we can say what what it means for something
to be the extension of a given meaning (hyperintension) at a given world. The
obvious move here is to treat the notion of extension as a family of functions
(parametrized by the set of hyperintensional types) from hyperintension-world
pairs to other things. But we want to take into consideration the possibility that
some meanings (e.g. meanings of names of fictional beings) may lack extensions
at some worlds. To this end, we introduce instead a similarly parametrized
family of realization functions from hyperintension-extension pairs to propo-
sitions, and then say that a meaning a has extension e at world w just in case
the proposition that e realizes a is true at w. (Remember that we can’t just
“evaluate” a at w, because our meanings are hyperintensions, not intensions!)

(25) Realization of a Hyperintension by an Extension

1. We introduce constants realizes 4 :: (Ext(A) x A) = Prop for each hyper-
intensional type A. The intuition is that realizes(e, a)@w means e is the
extension of a at w (if it has any therel!).

2. Since presumably a meaning has at most a single extension at any world,
we posit the axiom schema:

F Y(w,a.e,p)(realizes(e, a)Qu A realizes(f, a)Quw) — (e = f)]

3. The extension of a proposition p at a world w should be true iff p@Qw, and
so we posit the axiom:

F V(w,p,t)6VVo1r1d><Pr0p><B001[realizes(tp)@w = (p@w he t)]

4. In general, a hyperintension need not have an extension at every world.

10



5. But propositions must, since worlds are ultrafilters.

One way to clarify the connection between our approach and the standard
one is to introduce the simplifying assumption that every meaning has an ex-
tension at every world. (Of course this is the case on the standard approach,
since then a meaning is a total function whose domain is the set of worlds.)
Then analogs of some fairly standard assumptions about how extensions should
work are captured by the following axiom schemata. Note that here 7w and 7’
denote the left and right projection functions on pairs.

(26) Simplifying Assumption: Meanings have an extension
at every world

Then extensionalization can be treated as a (type-parametrized) function ext 4 ::
A = (World = Ext(A)) that maps hyperintensions to the corresponding inten-
sions (functions from worlds to extensions) subject to the following axioms:

1. b Vi ael(ext(a)(w) = e) = realizes(a, e)Qu]

2. 1 Vo p(extprop(p) (w) = pQu)

. Fext(w)(x) =

-V c(extaxp(c)(w) = (exta(m(c))(w), extp(n(c))(w)))
5. FVu plextas p(f)(w) = Ascaextp(f(2))(w))

3
4

Unfortunately space and time considerations do not permit inclusion of illustra-
tive linguistic examples; see [16] for brief discussion of extensional propoerties,
generalized determiners, questions, and S5 modalities.

We conclude by considering what it means (still making the simplifying
assumption that all meanings, not just propositions, have an extension at every
world) to say that two meanings are equivalent.

(27) Equivalence of Hyperintensions

Two closed hyperintensional terms a,b are equivalent iff Ext maps them to
the same intension (or, equivalently, if they have the same extension at every
world), i.e. ext(a) = ext(b).

1. This generalizes the notion of equivalence for propositions.
2. Examples are (the meanings of):

(a) Hesperus and Phosphorus
(b) woodchuck and groundhog

(c) Paris Hilton is Paris Hilton and whichever is true, the Riemann
Hypothesis or its denial

3. Nothing in the theory enables us to prove equality for any of the pairs.

4. The essence of the Granularity Problem is that Ext is not injective.

11



To summarize: we propose an axiomatic theory of NL meaning within a simply-
typed two-valued classical predicate logic. The set-theoretic models are the
familiar Henkin models augmented with cartesian products and definable sub-
types. The theory incorporates straightforward solutions to the notorious gran-
ularity problem as well as the heretofore unnoted yet perplexing problem of
nonprincipal ultrafilters. We make no recourse to untyped lambda calculus,
polymorphic typing, partial possible worlds, impossible worlds, giving up one
or more of Gentzen’s structural rules, giving up possible worlds, or accepting
(as the standard theory requires) that Paris Hilton knows whether the Riemann
hypothesis is true.
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