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1 Introduction

Previous corpus studies have shown that the memory usage of a syntac-
tic processing model based on a simple right-corner grammar transform
(Schuler et al. 2008, 2010) corresponds to recent estimates of human
short-term memory capacity (Miller 1956, Cowan 2001). This article
describes a study of the memory usage of a straightforward extension
of this model to incremental semantic processing, showing the addi-
tional constraints imposed by quantifiers in this model create mem-
ory demands similar to those created by center embedding in syntax
(Chomsky and Miller 1963, Gibson 1998).

The basic incremental parsing model is derived from a probabilistic
context-free grammar (PCFG) model via a model-based right-corner
transform (Schuler 2009). The right-corner transform is simply the
left-right dual of the left-corner transform of Johnson (1998). It con-
serves memory in the incremental traversal of a pushdown automaton
by composing most constituents within the same pushdown store el-
ement, expending store space only for syntactically center-embedded
constructions.

This incremental parsing model is extended to interactive interpre-
tation. First, a PCFG parser is augmented with headwords and depen-
dency relations (Charniak 1997, Collins 1997), which are probabilisti-
cally generated interactively with syntax. This dependency-augmented
parser is then used to generate specific individuals from some world
model as referents for each constituent, rather than general headword
concepts. Thus, the likelihood probability of an utterance given each
individual defines a weighted set or denotation for each constituent.
Both the likelihood probabilities and dependency relations of this aug-
mented parser are then encapsulated into vectors and matrices, respec-
tively, and the dimension (or length) of these vectors and matrices is
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extended to properly calculate set operations like intersection, comple-
mentation and union over these denotations. Finally, these changes
to the PCFG parser propagate through the model-based right-corner
transform to give a straightforward incremental interpreter.

An incremental interpreter defined in this way can interpret first-
order quantifiers as well as simple set operations. Existential quantifiers
can be calculated implicitly when a new referent is introduced, requiring
no additional machinery. However, non-existential quantifiers require
a non-linear threshold operator to be introduced, to count individuals
and determine whether a quantifier function has been satisfied. These
counts depend on restrictor and scope weights, which are stored in the
dimension-extended vectors and matrices described above. But since
these vectors must store counts for each quantifier, multiple quantifiers
cannot be in-element composed through the right-corner transform, like
other constituents. As a result, this interactive interpretation model
predicts that quantifier nesting consumes memory in the same way
that syntactic center-embedding does.

This prediction is evaluated against the same syntactically-
annotated corpus used in the purely syntactic evaluations described
earlier, comparing quantifiers that have been syntactically center-
embedded with those that have not, to determine whether the pre-
dicted additional memory costs for quantifier nesting has any effect on
the distribution of quantifiers in syntactic contexts that already demand
a large amount of memory. The results are positive and statistically
significant, supporting the predictions of the model.

The remainder of this article is organized as follows: Section 2 de-
scribes some related work in incremental interpretation; Section 3 gives
an introduction to probabilistic parsing, including incremental HHMM
parsing; Section 4 defines structured vectorial semantics and integrates
this framework to into an incremental HHMM parser; Section 5 further
explains and tests the predictions of the model; and Section 6 presents
some conclusions that can be drawn from this experiment.

2 Related Work

Early approaches to incremental interpretation (Mellish 1985, Haddock
1989) apply semantic constraints associated with each word in a sen-
tence to progressively winnow the set of individuals that could serve as
referents in that sentence. These incrementally constrained referents
are then used to guide the syntactic analysis of the sentence, disprefer-
ring analyses with empty interpretations in the current environment or
discourse context. Similar approaches were applied to broad-coverage
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text processing, querying a large commonsense knowledge base as a
world model (Martin and Riesbeck 1986). Later, this idea was ex-
tended to pursue multiple interpretations at once by exploiting poly-
nomial structure sharing in a dynamic programming parser (DeVault
and Stone 2003, Gorniak and Roy 2004, Aist et al. 2007). The re-
sulting shared interpretation is similar to underspecified semantic rep-
resentations (Bos 1996). This approach was extended to cover hypo-
thetical referents (DeVault and Stone 2003), domains with continuous
relations (Gorniak and Roy 2004), and updates to the shared parser
chart (Aist et al. 2007). But none of these attempted to incorporate
psycholinguistically-motivated bounds on short-term working memory,
as the present study does.

Other systems (Elman 1991, Mayberry and Miikkulainen 2003, Den-
nis et al. 2009) attempt to model incremental processing gracefully
degrading as memory demands increase, but do not attempt to model
referential specificity of incremental interpretation, as evidenced in eye-
tracking experiments such as those by Tanenhaus et al. (1995).

Despite many shared concepts, the goal in this article is not to
demonstrate the performance of a user interface in a limited domain,
but to evaluate the psycholinguistic plausibility of the incremental in-
terpreter itself, in this case through claims about the effects of quan-
tification in short-term memory.

3 Background
3.1 Notation

This article will associate variables for syntactic categories ¢, role or
relation labels [, referent entities e or vectors of referent entities €, trees
or subtrees 7, and string yields x with constituents in phrase structure
trees, identified using subscripts that describe the path from the root
of the tree containing this constituent to the constituent itself. These
paths may consist of left branches (indicated by ‘0’s in the path) and
right branches (indicated by ‘1’s), concatenated into sequences 7 (or
¢ or k). Thus, if a path 7 identifies a constituent, that constituent’s
left child would be identified by 70, and that constituent’s right child
would be identified by n1.

The probabilistic parsers defined here will also use an indicator func-
tion [] to denote deterministic probabilities: [¢] = 1 if ¢ is true, 0
otherwise.

3.2 Parsing

For a phrase structure tree rooted at a constituent of category c, with
yield z,, the task of parsing will require the calculation of the inside
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(substring) probability and Viterbi (best substring) probability. When
the domain X of z,, is a subset of the domain C' of ¢;), these can be cal-
culated using probabilities assigned to grammar rules in a probabilistic
context-free grammar (PCFG) model g, notated:

Po (cy = cyo n1) = Pog (cpo el ey) (1)
Any yield z,, can be decomposed into prefix z,¢ and suffix ,; yields:
Ty = Tno © Tyl (2)

Therefore, inside likelihood probabilities can be defined, marginalizing
over all such decompositions (or with probability 1.0 for preterminals

Cp =Tp):

PGIHS(G) (.2?,7 |C’f7) =

Z Pos (Cﬁ = Cno Cnl) " PGIns(G) (IWO | CTIO) ’ P91ns(G) (1’7]1 |CTI1) (3)
Ty0CnosTn1Cnl

and Viterbi scores (the probability of the best tree) can be defined,
maximizing over all such decompositions (again, with probability 1.0
when ¢, = z,):

PGVit(G) (xn ‘ Cﬁ) =

$r,,06¥,rc>1?50)r,(,107,|1:>ec (Cn = Cno Cnl) : Pevn(c) (xno | 6770) ’ Pevn(c) (xnl |C771) (4)

From these, it is possible to obtain the probability of a sentence x:

P(x) = Z PeIns(G) ('T | Cn) : P(Cﬂ) (5)

and the most likely tree:

7, = argmax Py, (z]cs,)-Pler,) (6)

Tn

3.3 Incremental Parsing

Note that any prefix of a yield =, can be rewritten as an ‘incom-
plete yield’ consisting of the complete yield lacking some suffix of that
yield y,:

Ty = (Ty=ay) 0 Ty, (7)
It is therefore possible to decompose any inside likelihood (or Viterbi)
probability into two parts: first, an ‘incomplete constituent’ probabil-
ity of generating this incomplete yield z,-x,, along with an awaited
constituent of category c,,, given an active constituent of category c;
and second, an ordinary inside or Viterbi probability (or ‘complete con-
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stituent’ probability) of generating z,, given c,,:

Pelns(G) (xﬂ | Cn) = z Polc(c) (xn_xm» Cne | 077) : PgIns(G) (xm | Cm)
telt xy,
(8)

This decomposition gives incomplete constituent probabilities that can
then be decomposed into other incomplete constituent probabilities:

P9IC(G) (‘rn_mmh Cnel | Cn)

= Z PGIC(G) (xﬁ_xm’ Cne | CTI) : P9IC(G) (xm_xmla Cnel | Cm) 9)

TnesCne
= 2 Poica) (Tn=ne, cnuley)
ZTney,Cne
e Z PGG (Cm - Cno le) ' PGIns(G) (337”0 |C77L0) (10)
Z1.05Cne0
or into the product of a grammar rule probability and an inside prob-
ability at the end of a sequence of such decompositions:

Poroe) (zr@p1, enley) = Z Pog (e = cno Cnl)'Pf)Itls(G) (@50 [ eno)
ZLno,Cno
(11)

essentially turning right-expanding sequences of constituents (with sub-
script addresses ending in ‘1’) into left-expanding sequences of in-
complete constituents, which can be composed together as they are
recognized incrementally from left to right. The decompositions of
Equations 8-11, taken together, are a model-based right-corner trans-
form (Schuler 2009).

Estimating probabilities for the beginning and ending of these left-
expanding sequences will require the estimation of expected counts for
repeated applications of Equation 8, marginalizing over values of z.
Since left children and right children are decomposed differently, the
expected counts 0 g, -, will use PCFG probabilities 0 r.a and 01,4
that are conditioned on whether the expanding constituent is a right or
left child, and on the center-embedding depth d of the expanding con-
stituent. The expected counts 0 _;, », are of constituent categories c,,
anywhere in the left progeny of a right child of category c,:

0

EOG-RL*,d (CT/ = Cno ) = Z PeG-R,d(CU = Cno cnl) (12)
Cn1
k k-1
EeG—m.*,d(cn - CWOkO "') = Z EeG—m*,d(Cn - Cnok ...)

Cnok

) Z PHG.L,d(Cnok = Cpoko Cnokl) (13)

cnO)C 1
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o)

% k
o ra(tn > Cn )= ) Boy o (e =) (14)
k=0

+
EQG-RL*,d(Cn = Cy, o) = EQG-RL*,d(C" 5 Coe ")

G,RL*,d(CW 5 Cop o) (15)
In practice the infinite sum is estimated to some constant K using value
iteration (Bellman 1957).

Probabilities for recognized sequences of incomplete constituents
(Equations 8 through 11); and expected left progeny counts for unrec-
ognized sequences of incomplete constituents (Equations 12 through 15)
can be combined in a probabilistic pushdown automaton with a
bounded pushdown store (to simulate the bounded working memory
store of a human comprehender). This is essentially an extension of
a Hierarchical Hidden Markov Model (HHMM) (Murphy and Paskin
2001), which obtains a most likely sequence of hidden store states 312
of some length 7" and some maximum depth D, given a sequence of
observations (e.g. words) x1._7:

~Eq

SR argrgaXHPeA Plsti”) Pos(elsi?) - (16)
si-R =

The model generates each successive store only after considering
whether each nested sequence of incomplete constituents has completed
and reduced:

..D Ddef
P9A( |5t1 )e

> H Pow (rf |1 siysil ) - Pos (7 [ sy si™) - (17)

rl.rDd=1
Each store element must therefore contain the active and awaited (ca
and c‘s’vfz) constituent categories necessary to compute an incomplete

constituent probability:

s (cha, ) (18)

and each reduction state must contain the complete constituent cate-
gory crd necessary to compute an inside likelihood probability, as well
as a flag f,¢ indicating whether a reduction has taken place (to end a
sequence of incomplete constituents):

rd e a, fra) (19)

The model probabilities for these store elements and reduction states
can then be defined (from Murphy and Paskin 2001) to expand a new
incomplete constituent after a reduction has taken place (fr2=1), tran-
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sition along a sequence of store elements if no reduction has taken place
(fr¢=0), and possibly reduce a store element (terminate a sequence) if
the store state below it has reduced (fr# =1):!

def
PGS(Sg|rd+1 d d d-1\de

Ty S¢St ) =
if frf”l =1, frf: : Pog. Exp, d(st |$
if frf”l =1, frf: : Pog. Trn, d(st |TCH1T21 Sglst ) (20)
if frf”l =0, frf = [[S? > Sg—l]]
if fran=0 ~[[rd:r]]
Po, (rd | rd s sE et L 21
GR( | aiie lf-foM: PeRRdnd(rt |TCH1 glstll) ( )

where s? = sy and 7P = r; for constants sy (an incomplete root con-
stituent), r+ (a complete lexical constituent) and r; (a null state result-
ing from the failure of an incomplete constituent to complete). These
pushdown automaton operations are then refined for right-corner pars-
ing (from Schuler 2009), distinguishing active transitions fg-acr,¢ (in
which an incomplete constituent is completed, but not reduced, and
then immediately expanded to a new incomplete constituent in the
same store element) from awaited transitions fg-awT,q (which involve
no completion):

def
P9s Exp, d(st | St 1) < P9G CEE, d(St |5t ) (22)
d+l
P (55 | s >def{1§ ri 5 Pl 1S o
1 7qt #Fr1: Fogacr, d(st |st )

@l od o d-1 det | if Crit =Ty Pog. cer, d(rt |St 15;5111)
PGR Rdn, d(rt |T St-15¢1 ) {lf Crn x4 [[Tg — riﬂ (24)

These right-corner parsing operations then construct a full inside prob-
ability decompositions, using Equations 8 through 11 and Equations 12
through 15, marginalizing out all constituents that are not required in
each term:

« for cross-element expansions (CEE):

def *
P9G-CEE.d((C77L7 C%L) | <_7 CW)) = EGG_,U‘*‘d (Cﬂ = Cpe ) [[mm = C:u = Cm]]

(25)
« for awaited transitions (AWT), from Equation 10:
P9G.AWT,d((Cm cm1> | (C;p Cm) CnLO)
e P Cp, = Cpo Cny
d_f[[Cn ;7]] 9G—R,d( yl n0 Cn 1) (26)

Zcml P9G-R,d(cm = Cnuo le)

'Here, [] is an indicator function: [¢] = 1 if ¢ is true, 0 otherwise.
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s

FIGURE 1 Sequence of HHMM store states for a sample sentence “The
engineers pulled off an engineering trick,” showing a good syntactic
hypothesis out of many kept in parallel. Variables corresponding to s¢ are
boxed; r{ are circled. Right-corner parsing operations are labeled on the
arrows.

Pogr.q (Cn = Cuo nu1)

=len =3l o (27)
Eoe, \ovu (= o -2)
- for active transitions (ACT), from Equations 8 and 11:
PerACT,d(<C77L7 cm1> |-, Cn) CnLO)
oo E@GmL*’d (CU = Cy ) PeG—L,d(c"]L = Cpu0 le) (28)
ZCm,le E%,RLM(CU 5 Cn ) : P@G(Cm - Cnuo le)
_ EGG—RL*,d(Cn > Cne ) ’ PaG—L,d (Cm > Cnuo le) (29)
EeG—RL*,d (cy 5 Cnuo ---)
- for cross-element reductions (CER):
0
Eo (en =y o)
def -ritd N1 ne
PGG-CER,d(CWH 1 | <_’ Cn) <c:7m _>) = [Cm = C:nﬂ e % (30)
Oy nura (€ = Co o)
- for in-element reductions (IER):
Eo (cn > ey -22)
def -RL¥, n e
PGG—CER,d(C"IL’ 0 | <_7C77) <c;;u _>) = [C’OL = c:nﬂ e * (31)

06 (cy = cnu o)

An example analysis is shown in Figure 1.
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€n
(IArc0)S
€no €nl
(LArco)NP (lp) VP
€n00 €no1 €n10 €nil
(Ianco)DT  (I;))NN (I;,)VBD (Iarao)NP
| | €n100 €n101 €nllo €nlll
n n n n
the engineers ; "ypp (") PRT(1y,0)DT (It )NN
| | | €n1110 €nil1l
n U
pulled off an " N (NN
engineering trick

FIGURE 2 Syntax and semantics annotated on a tree. Referents e are
subscripted with the node’s address. Relations ! and syntactic categories ¢
are specific to the example; the relation ARGO indicates that the NP is the

0*® argument of S, and ID shows that the VP is the main predicate of S.

Using Equations 25 through 31, it can be shown that this HHMM
produces the same probabilities as the original (rightward-depth-
bounded) PCFG. First, any cross-element reduction to f.4 = 1 must
be followed by an awaited transition. This means that in the product
of probability terms for a valid parse, every ‘0’ expected count term in
the numerator will be cancelled by an equivalent term in the denomina-
tor. Similarly, every in-element reduction to f,¢ = 0 must be followed
by an active transition. This means that in the product of probability
terms for a valid parse, every ‘+’ expected count term in the numerator
will be cancelled by an equivalent term in the denominator. Finally,
assuming any valid parse ends at time 7" with f,1 = 1, it must be
the case that every cross-element expansion is eventually followed by a
cross-clement reduction, with an equal number of active transitions and
in-element reductions intervening. This means that in the product of
probability terms for a valid parse, every ‘*” expected count term in the
numerator will be cancelled by an equivalent term in the denominator.
The remaining terms will be ordinary PCFG expansions.

4 Incremental Interpretation using Structured
Vectorial Semantics

To show bounded memory effects for quantifiers, the basic syntactic
recognizer described in the previous section is extended to model se-
mantic dependencies and denotations.
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4.1 Semantic Dependencies

Semantic referents and relations are tied to grammatical structure. The
task of interpretation, then, is to jointly determine which grammatical
structures and semantic representations best match the observed in-
put. Here, we will define vectorial semantics and revise the parsing of
Section 3.2 to incorporate these semantics.

Figure 2 shows an example of a tree that has referents e, relations [,
and syntactic constituents ¢ annotated. However, relations are merely
helping operators that cause referents to be composed correctly, but
would not be part of the syntactic or semantic output of an observed
utterance. Therefore, a probabilistic grammar G producing Figure 2
could have a rule with only syntactic categories ¢ and referent entities
e, for example:

S:ey = NP:e,g VP:ey
with probability according to a grammar model, g, for each refer-
ent e,.

Instead of directly generating joint ¢ and e probabilities on the right-
hand side above, such a syntactic-semantic grammar rule can be fac-
tored further. We employ an independence assumption, that semantic
referents are generated before syntactic categories (even if those seman-
tics are underspecified), to obtain:

def
PQG (cnen — Cno€no C771€TZ1) <
Z PQM (677677 id lnocno Zﬂlcﬁl)
lno,ly
o P (enollyo en) - Po (en1 |1y ey)  (32)

In the 0y model, referents constrain the generation of syntax and of
acceptable relations for a child constituent. In the 6, models, referents
are probabilistically connected to parent referents on the basis of the
Oni-generated child relations. Then, example rules that would take the
place of joint ¢ and e dependencies might take the forms:

S:e, > (Ianco)NP (Iny)VP

where {arao(en) = eno and Iy (e,;) = ey,1, with probabilities according to
Oy and 0y, respectively.

4.2 Vectors, Probabilities, and Denotations

Semantic referents can be extended from headword concepts to indi-
viduals in some world model. Inside probabilities (probabilities of ob-
served words given a referent and syntactic category) then provide a
natural representation for denotations, since individuals are not likely
to generate descriptions they do not satisfy.
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But in order to define some logical operations on these denotations,
it will be necessary to set them apart from the usual purely probabilis-
tic operations of a time-series recognizer; this is done by encapsulating
them in vectors and matrices. This encapsulation preserves the proba-
bilities of ordinary dependency relations #;, and expansion rule gener-
ation 6y, but can also contain additional elements required to perform
non-probabilistic negation, disjunction and quantification operations.

This article will use a double bar to indicate matrices (e.g., rela-
tions [), a single bar to indicate vectors (e.g., referents ), and no bar
to indicate any single-valued variable (e.g. labels [ that indicate which
[ to use). Often, these variables will technically be functions with ar-
guments written in parentheses, producing the expected vectors or ma-
trices (e.g., [(1,) will produce some matrix based on the argument [,,).
Also, indices of vectors and matrices are constants (e.g., e1,...,eq),
variables over those indices are single-value variables (e.g., e,). The
contents of vectors and matrices can also be accessed by index (e.g.,
€[e1] for a constant, e[e] for a variable).

When matrices correspond to relations between constituents, they
will be notated with subscripts indicating the addresses of the two
constituents related by that matrix: e.g. €,y,. This is done in order to
show how matrices can be chained together in the traversal of a tree.

Again, vectors and matrices will be used to encapsulate probability
distributions. This article will adopt the convention that column com-
ponents of matrices or vectors represent values of conditioned variables,
and row components represent values of modeled variables. Thus, like-
lihood functions P(z |e) are naturally represented as column vectors é,
prior distributions P(e) are naturally represented as row (or transpose)

vectors a’, and posterior probabilities P(x) are vector products® a’-e.
P(z|e1)

al.e- [P(el) P(es) - ] P(z]ez) (33)

:ZP(ei)~P(x|eZ-) (34)

The indices of a’ are written as e; because the codomain (column
indices) of @’ must be the same as the domain (row indices) of é.
Probability-encapsulating vectors can themselves be incorporated

2A basic linear algebra operation, the inner product (or dot product) of
two m x 1 vectors % and v is written 4" - ¥ and results in a scalar value
>, ult] - v[i]. More generally, the inner product of a m x ¢ matrix Z and a
¢ x n matrix § is a m x n matrix where z[i,7] = 3, z[i, k] - y[k, j].
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into other probability distributions. Distributions modeling these vec-
tors and matrices are deterministic, equal to one if the vector or matrix
contains the correct probabilities, zero otherwise. Typically, these dis-
tributions will involve products of probability terms, and some amount
of marginalization over the result. For example, the values of the con-

ditioned vectors or matrices may be marginalized as @5 is, below:
P(a ) € [a) = eo Y ay leq]-Ple |ey)] (35)
€n
ol =aT Tp] (36)

where e, — indicates that what follows it is an element-by-element def-
inition of €,. The first equality assumes we have the model probability
P(e,|e,), and the second writes this probability as a matrix l,x, with
elements giving the relevant probabilities.

Alternatively, the values in the modeled vectors or matrices may be
marginalized as e, is, below:

P(e.|ey) = e, = ey = Y efe] Pleey)] (37)
= [[én N :nXL : ét]] (38)

Both the probability notation and the linear algebra notation will
be used to define a structured vectorial semantics. While using vectors
and matrices, the need will occasionally arise to re-weight probabilities
without changing indices. This is accomplished by an operation d(é)
that lists the elements of a column vector on the diagonal of a diagonal
matrix. As an example:

codomain
truth €1 €2 €3 €4
5 _ 39| P2 5\ - =9 P2
67] _égf D3 d(en) éé‘} 0 0 D3 0 (39)
<t <t
©|pa ¢f0 0 0 pg

where the codomain of d(€) is obviously the same as its domain. Thus,
any matrix with compatible domains, multiplied by d(é), will result in
a reweighting of the elements of that matrix.

As a special case, consider a column vector of all ones, 1; diagonally-
listing this vector results in an identity matrix, I. For any vector &, the
d(-) operation and multiplying by 1 are inverse operations: d(&)-1 = &.

Now, with a linear-algebraic notation for probability, the probability
models 6y and 6y, from the previous section can each be encapsulated
in vectors and matrices. First, the syntactic probabilities are captured
in a matrix (a diagonally-listed vector), with a different probability for
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each possible referent:

m(cy—=lnocno lyicn1) = ey = Poy (cpen = Lyocno lyien) (40)

m(cy—=lnyocno lyicgr) = d(m(cy = oo lyicy)) (41)
These can then be conditioned on the center-embedding depth d of the
expanding constituent and whether the expanding constituent is a left
or right child: my 4 and mg g, using Oni1,q and O g, 4, respectively, in
place of 6y above. Next, relation matrices are functions from referents
of some constituent 7 to referents of a child 7 with some probability:

l:(lm) = l:,,xm(lm) = e, > ey~ Py (en, |y €r) (42)

With these vector and matrix definitions of the probability distri-
butions, #g can be re-written in terms of vectors, incorporating the
per-element probabilities of Equation 32:

Pog (cn€y = cno€no Cpien)

=[ey=en = Y Pag(cnen = cpoeno cprent) - Enoleqo] - Enlen]]

eng,enl
(43)
=[e,; = ey '_l’ Z;POM(Cnen = lyoCyo ln1cy1)
e Z Por,(eno [lno €n) - Enoleno]
€no
: Z Po, (ent|ly1 en) - emlen]] (44)
€n1

= [&y = Yom(cy = Lyocno Lyrcnt)
l'r]07ln1 = _ T _ _
' d(lanO(an) ’ enO) 4 d(lanl (lnl) : 6771) ' nn]] (45)

where 71, =1. For diagonal matrices m and d(l-€), this returns a vector
after the series of matrix products, without changing the probabilities.
Extensions to other values of 7, will be considered in Section 4.4.

This vectorial representation can be used to define inside probabili-
ties in a semantic parser:3

PGII;S(G) (xﬂ, |C7-n67-n) = P9G (CTT,eTT, = Cr0€700 CTmeTm)

: PGIHS(G) (xTT,o | Crno éTno) : PoIns(G) (‘rTnl | cTnléTnl) (46)

Finally, given a prior at the start symbol of the grammar,

Pra (677 5'77;) = [[df =Cnp Pro (677 eﬂ)ﬂ (47)

3 Although € may be considered a semantic vector, multiplying in 77 causes
€ to carry syntactic probabilities as well; of course, it also generates the
referent children via d(I-€).
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the posterior probability of a sentence is:

P(ZC) = Z PTFG (CTna;l—:,) ’ PGIHS(G) (:E|C7'né7'n) 'az, 'éTn (48)

Again, Viterbi probabilities are simply inside probabilities, replacing
summation with maximization.

The goal here is to define a flexible, learnable semantic model that
can be extended to a variety of tasks. As two important cases, Sec-
tion 4.3 describes how this framework can encode a lexicalized parser,
and Section 4.4 describes how it can encode a first-order logic inter-
preter.

As a psycholinguistic model of language, however, the binary-
branching CFG paradigm following Equation 32 ignores the crucial
issue of incrementality in interpretation. Therefore, Section 4.5 maps
the preceding syntactic—semantic equations into an incremental frame-
work for parsing.

4.3 Bilexical Parsing with Structured Vectorial Semantics

Probabilities corresponding to headwords can be encapsulated in vec-
tors and matrices, effectively allowing for bilexical parsing (Charniak
1997, Collins 1997). This definition of vectors and matrices can be con-
sidered a form of degenerate semantics, where referent headwords are
concepts, and relations are dependencies between these concepts.

Vectors are indexed by individual lexical items, and express the con-
ditional probability that each lexical item will produce an observed
yield in syntactic context. For example, at the level of word generation,
the headword vector is 0 everywhere but the lexical item corresponding
to the yield: ' truth

En =€n = Perns(c) (zn | cnen) q?r 1 (49)

1
headwords

Relation matrices [ are functions from headwords ey to child head-
words epg or ey,1, with some probability. As such, this framework easily
captures standard bilexical dependencies at each constituent c,. Typ-
ically, a nonterminal constituent will share its headword with one of
its sub-constituents, so this sub-constituent will be associated with
the identity matrix i, as its labeled role relation. The other sub-
constituent will then be associated with a generalized modifier relation
IArco, or one of a set of argument-specific relations. Thus, normally:

ey =m-d(larco-€n0) - d(l-en1) -1 + m-d(lp-eno) - d(larco-en ) - 1
(45")

In some bilexical parsers, the lexical head may be conditioned on
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phrasal categories — or other local factors such as whether the child
is before or after the head. This can be done in structured vectorial
semantics by diversifying the set of labeled relations: e.g., larco,s NpP-

4.4 Logical Interpretation as Structured Vectorial
Semantics

The framework of Section 4.1 and 4.2 can also be used to encode logical,
model-theoretic interpretation. In a given world model, we will assume
a domain & of individual entities. Vector indices, then, will exhaustively
list these entities. With indices tied to individuals in the world model,
vectors define sets of denoted individuals (i.e. functors from individuals
to set-membership truth values). For example, with £ = {e;, e, e3,e4}:
truth

1

0

1

1

implies that e; would be unable to produce the correct yield.
Matrices define relations over individuals (i.e. functors from individ-
uals to individuals), encoding sets of ordered pairs. For example:

= e~ S(e) = {ej,e3,e4} (50)

individuals
€4 €3 €2 €1

codomain
€1 €2 €3 €4
:EO 0 0 0
S0 2 Ul = e o Rle,e) = {{eziea), fesier),
SH (es.ea).feez)) (51)
5" O 1 0 O 3,C3/» 4,2

When there are multiple elements in the codomain for each element of
the domain, as is the case for ez, probabilities are assigned uniformly.
This can be thought of as the probability that a speaker will choose each
element as an example or ‘guide’ referent when generating a description,
arbitrarily choosing one element when multiple are being described.
Multiplication defines a composition of these functors:

codomanil codomain vy codomain y

e1 e ez ey (truth) (truth)
35[0 0 0 O] w5l ss [0
£8l0 0 1 0f £&]0 g9
sgln 0 % ool S| T fel1 = {eg,e3} (52)
=3lo 1 0 o] S =)o

(@=pB) o (B=7) = (a=7)

picking out the individuals from the domain («) of the first functor
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that are related through that functor to individuals in the domain (3)
of the second. Thus, individuals e from R(e,e’) are retained in the set
composition only if €’ is found in S(€’); so, e4 is dropped in Equation 52.

In this framework, we can now define the typical operations in propo-
sitional logic: conjunction and negation; from these, all other proposi-
tional statements can be derived.

Definition (Conjunction). For two vectors €, and g, the conjunction
1s the dot product

eaneg=d(ey)-d(eg)-1 (53)

This is the same as set intersection, where membership (a non-zero
value) in both é, and ég is requisite for membership in the result-
ing set. For example, in structured vectorial semantics, two vectors
€,0=[0111]7 and &,; =[1 1 0 1] could first be multiplied by iden-
tity relations /i =I before being conjoined:

€1 €2 €3 €4 €1 €2 €3 €4
g0 0 0 0] g1 0 0 O] gl &/0
glo 10 0fglo1 0 of g\1]_gf1 (54)
g0 0 1 0] 0 0 0 0] &)1 g0
Jj0 0 0 1] [0 0 0 1| &1 J|1
d(Icoxs0-€no) d(Tcosi-€n1) 1 €n

This structure should be recognizable from Equation 45 as the means
for generating child referents. The default in structured vectorial se-
mantics, then, is to compose denotations of children via conjunction.

Negation (set complementation) can be performed by adding a
‘shadow’ element for every entity. We will continue to refer to vec-
tors without changing notation, but vector indices of shadow elements
will be denoted as e’ and appended at the bottom of matrices and
vectors.

Definition (Negation). Let €, be a vector with shadow elements re-
peating the original vector. Let Ixge be a matriz with block structure

O
INgg = [t
l O ; I ]

where each block dimension is the size of €, without shadow elements.
The negation of €, is

—€q = INkc " €a (55)
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As an example of negation:

e1 e 63.6/1 eh el truth truth
s[-100i100] s&f[0] s[1]
glo-10:010| &0 8l 1
Sloo-toot) gLl 8o (56)
Sloo00:100| 9|1 ol 1
Sloooio1of| <1 11
Floooioo1] 1) 1]

€en —en

2
&
Q

Up until now, the contents of every vector and matrix have been a
valid probability distribution or likelihood function. But Ixge clearly
requires non-probabilities, showing that semantic relations in logical
interpretation require a formalism, like linear algebra, that is more
flexible than pure probabilities.

To reason in first-order logic rather than just propositional logic, we
can define quantifiers by using matrix relations and n. For existential
quantifiers, 7 = 1. But for non-existential quantifiers, we will need a
cardinality test to determine whether the correct number of referents is
denoted. To that end, we define a thresholder, fiTy, to act on a matrix
e, comparing row sums of regular elements to row sums of shadow
elements.*

- _ _ {Ze.é[ei,ej], if Ze.é[ei,ej] Zze'.' E[ei,e'.’] >0
€-nty=¢ st efe;]= I y i J
, otherwise
(57)
Then, we can define universal quantification.

Definition (Universal Quantification within a binary relation). Let
S be a unary predicate represented by vector €, with shadow elements
equal to 1. Let R be a binary predicate with associated relation matriz
g, with block-diagonal structure

where l:}?c is an unadorned relation matriz, and l:;% is a shadow-element
matriz with average values of each row in Z_}Q stored on the diagonal.
Let 5., be a matriz with block structure

“Different shadow elements are used for negation and quantification, so
the complete representations are actually 3 x 3 block matrices. The extra
blocks are omitted for clarity.
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where 1 is a matriz of all ones. Then quantification over vector €, is
&y = ey (Ve,S(e,) = R(ege)) = d(lr- (T -€.)) fre  (58)
We give an abbreviated example of a universal quantifier:

I /I U

er ez e3 ey ej ej el ez e3 ef ej ej truth
sfoooiooo] [s[100000] &[1]
820000 glo1o:000| &0
lo01i000 gloo1i000]| 9|1 _
d S| - Nl F R B 'nTH
1 000:%00 sl111:000]( 1
$looo0o0%ko| [¥l111000] 1
Floooioo1] [¥l111:000] F[1]
=CONT‘\1N5 l=ALL €FiLes
e1 ez ez ef ey ey truth
g[000:000] s[0]
8010000 81
gloo1:000]| _ 8lo
000 00| T T (59)
1000010 <l
1000002 1

€CONTAINS: ALL- FILES

where the first term encodes a predicate relation (e.g. Z_CONTAINS), the
second term encodes a quantifier (e.g. fALL), and the third term en-
codes a property (e.g. €rs). The operations have selected ey as the
only individual that contains all (two) files, e; and e3. Note that these
types of products only occur when two or more PCFG rules are applied;
ignoring the m and eliding identity matrices for clarity, the above se-
quence could have originally occurred as (applying Equation 45 at two
levels):

€q = m- d(i) 'd(l:CONTAINS - d(i) 'd(l:ALL'éa) : i) *NTy (60)

With these operations, this model is able to perform model-theoretic
interpretation in first-order logic.

4.5 Incremental Structured Vectorial Semantics in HHMM
Parsing
As HHMM probabilities were defined directly on syntactic CFG rules

before, they will now be defined on structured vectorial semantics for
CFG rules.
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First, the incremental parsing probabilities need to be updated with
referents encapsulated probabilities in vectors. These are derived from
the right-corner decomposition in Equations 8 through 11, extended to
include referents:

PGII,S(m (wy|en,en) =

Z Poioe) (Zn=Zne, Cnus € | o) - PO (T | Cnus ) (61)
Cnuy€ne

PGIC(G) (xn “Znuls Cpel €nul | Cnen) =

Z P91c(c>(mn_mnwcmem|Cnen)' Z Poy (ene = lpoCnuoli cnur)
TniCnrlne l77L07l7]L1

: ZPQL(enLO | lnLOenL) : PGI,,S(G) (anO |CT]L06’I’]L0) : ZPOL (enbl |lnL1€nL)

€n.0 €nel

(62)

Poca) (=21, 1, €1 | s eq) = Z Pou (cnen = lyocyo Lyien)
Cnoslno,ln1

> Pou(enollno ) Poyy ) (@nolenos eno) - Poy (e[l €y)  (63)
Zno,€no
The deterministic probability of encapsulating these distributions in
vectors is then a straightforward substitution of matrices and vectors
for Om, 0L, and O1,4q) terms. For example, Equation 62 becomes:

P({cn» Cnets €nxmua )| (ni0, €00)) = [€nxmur = En

: Z ﬁl(an HZT]LOC’I]LO lmlcml) : d(l:annLO(lnLO) : énLO) : l:annLl(lnLl)]] (64)

Ineoslne

Now, HHMM reduce and store states can be updated to reflect vec-
torial semantics. Reduction states must contain the variables necessary
to compute inside likelihood probabilities for complete constituents, as
well as a flag indicating whether a reduction has occurred. Following
assumptions in Section 4.2, since a single entity variable appears in the
condition of a likelihood probability, a column vector is used:

def
n = ( Cns 6n"’ZP91x15<G)($n|Cnven)a fTI ) (65)

. ( Cny En, fn ) (66)

Store elements must contain the variables necessary to compute in-
complete constituent probabilities. Since entities appear as both con-
ditioned and modeled variables in incomplete constituent probabilities,
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a matrix is used:

def
Sxne = { Cny Cus En>enut> Y Porca) (Tn=Tne, Cus ene | €y €q) ) (67)

Ty Tne
= < Cny Couy Enan > (68)

These HHMM variables can define chains of matrices and vectors that
jointly represent syntactic and semantic information.

HHMM probabilities with vectorial semantics are then derived from
the analagous syntax-only versions in Equations 25 through 31. Syntac-
tic probabilities 01,4 and Oy r,q are substituted with matrices my q
and my g according to Equation 41 and semantic relation probabili-

ties Ay, are substituted with matrices I according to Equation 42. Sim-
ilar to the syntactic version, estimate normalization terms (here, in-
verted matrices instead of denominators) will cancel out, yielding the
same probabilities as the semantics-augmented PCFG.

The complete set of vectorial semantic HHMM probabilities are as
follows (the full derivations are in the appendix):

+ Cross-element expansion (CEE):

Poccom,a ({Cnes Cps Enuxn ) [ (=5 ¢4, =)
= [zy = C;]L =cnu] - [Enexm = l:;an(CTI’ Cnu) 'imxm]] (69)
+ Awaited transition (AWT):
Poc awr.a ({€ns Cnets Enxnut ) [{€hs Cnes €xne) Enio€nuo)
=[ey = c;]]] “[€nxni1 = Enxpe - Zlmmlml Mr,d(Cne = lyoCnio lnui i)
Alloeni0 (o) Do (€ ni0) ™€) Iy ()] (70)
« Active transition (ACT):
Poc_acr.a ({Cnes Cputs Enixnet ) | (= €y =) Cpuo€nio)
= [Enexner = l:;;an(CTP ) - Lliorlyi Mi,d(Cne = lnoCneo by pen)
Ao (i) - o (s E00) ™ E00) - Loy ()] (71)
+ Cross-element reduction (CER):
Pos.con.a (Cnunes L[(=, ey, =) ), ooy Epusanun))
= [y = l:?;xm(cnvcm) : l:;xm(cn’ Cm)_l : éi,mm o (72)
+ In-element reduction (IER):
PGG.CER,d (Cméma 0|(-, Cn, -) (C;]u Cnuks émxnm»

= [[éﬁb - Z_;L]an(Cﬁ’ Cm) : l_;;an(Cﬁa CUL)71 : é:‘]LX’I]LI{ : ﬁﬁbﬂ (73)
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where 7 = 1 has been used in the derivations.
Expected counts in approximated denotations are estimated using
value iteration, analogous to Equations 12 through 15 in Section 3:

P(cnacn()) = Z Z ’r:nR,d(cn 7 anCnO lnlcnl) ° [nxno(lno) (74)
cn1 lyo,lna
7k
l (Cn,Cnoko Zl (Cn, T]Ok
oot Z Z 77:”LL,d(Cnok e lnokocnoko lnoklcnom)
l l

C770’“1 7707607 770791

: l:n()kxno”’O(lno’“O) (75)

I (CTI’CWL = Zl (Cﬂvcnl) ~ Z lk(cnvcm) (76)
k=0

I (enycn) = I*(c € ) - (ensene) (77)

5 Discussion
5.1 Predictions

The previous section extends a basic head dependency semantics to
model-theoretic interpretation, then incrementalizes this model using a
simple transform to minimize working memory demands during recog-
nition. This model makes interesting predictions about memory de-
mands of non-existential quantifiers.

Compare a complete constituent vector:

é’l’]l, = Z m- d(inbanO : éT]LO) . d(ZT][,X’V]Ll : éT]Ll) : ’FL’V]L (45,)
with an incomplete constituent matrix from an awaited transition:

énxnd = énx*qL . Z m- d(lannLO - éﬂLO) : lannl,l (64,)
Of course, the right-tail recursion of Equation 64’ lacks the complete
constituent €,,; (which makes the incomplete constituent incomplete);
however, Equation 64’ also lacks 7,,. This is normally reasonable,
because if 7=1 then d(l €)-n= [-e. Thus, whenever the awaited €,
is fully recognized, n=1 is tacitly applied.

However, the assumption 7i=1 does not hold in the case of universal
quantification, as defined in Section 4.4. Recall that universal quan-
tification required 7Ty at the end of a parent constituent’s operations.
This would be ignored when invoking an awaited transition. In fact,
any non-existential quantifier would require a similar non-linear opera-
tor 7 to carry out the desired cardinality check. Since any 7 # 1 cannot
be tacitly applied along with a completed tail &,,;, awaited transitions
(which expand without invoking a new store element) are not licensed
for non-existential quantifiers.
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Determiner Right-Corner Stack Depth
1 2 3 4

all 446 39.7% 577 51.3% 99 8.8% 2 0.1%
both 277 61.0% 165 36.3% 12 2.6% 0 0.0%
each 187 45.3% 199 48.2% 27 6.5% 0 0.0%
every 58 30.4% 112 58.6% 19 9.9% 2 1.0%
half 18 18.6% 59 60.8% 19 19.6% 1 1.0%
no 179 25.9% 445 64.3% 66 9.5% 2 0.3%
Non-exist. 1165 39.2% 1557 52.4% 242 8.1% 7 0.2%

[ Other DTs || 29398 | 35.2% || 45986 | 55.1% || 7901 | 9.5% | 248 | 0.3%
[ AIDTs || 30563 | 35.3% || 47543 | 55.0% | 8143 | 9.4% [ 255 | 0.3%

TABLE 1 Non-existential quantifiers and other determiners occurring at
each stack depth.

With this complexity in non-existential quantification a correct ap-
plication of this kind of quantification requires another HHMM store
element. Thus, we expect to see non-existential quantification occur-
ring more commonly at lower HHMM depths than other, grammatically
similar words.

This accords with intuition, since sentences with nested quantifiers
may easily seem difficult to process (‘did a person drive a car into a
lake?’ wvs. ‘did every person drive no car into two lakes?’); but this
prediction is crucially based on the mapping of denotations to memory
elements described in Section 4.5.

5.2 Corpus Analysis

To test this prediction, occurrences of non-existential quantifiers all,
both, each, every, half, and no were examined in the Penn Treebank
Wall Street Journal corpus, sections 2 through 21. These were chosen
because they were the most frequent non-existential quantifiers tagged
as determiners in the corpus. The trees in this corpus were converted
to right-corner form, then analyzed to determine the depth of each de-
terminer when mapped to a bounded store of incomplete constituents.

Table 1 shows that non-existential quantifiers behave differently than
other determiners, in that they are more likely to appear in lower store
depths. The difference in percentage is highly significant: p = 3.5 * 1076
on a t-test comparing non-existential quantifiers with all determiners.
This suggests that non-existential quantifiers may indeed require more
memory resources than existential quantifiers or non-quantifiers, as pre-
dicted by the model.

Some of the quantifiers appear to resist this trend: for example,
half appears to be common at depth 3. Investigation into this showed
that some sentences had the word half incorrectly tagged as a DT. For
example,
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James E. Ousley, computer products group president, said such ar-
rangements help slash Control Data’s computer research and develop-
ment costs in half by the end of 1990

In this particular sentence, the word shows up in depth 3, a position
that the model would predict to be much less likely than lower depths.
This sort of tagging error was difficult to programmatically avoid, and
may have accounted for some of the outlying data.

6 Conclusion

An incremental account of CFG parsing, derived from first principles,
gives rise to incomplete constituent probabilities that are naturally cap-
tured in a right-corner grammatical formulation. Therefore, by defin-
ing semantics to be integrally tied to CFG structure, this article has
provided an integrated model of syntactic-semantic language process-
ing that bears all the marks of psycholinguistically-plausible, bounded-
memory, right-corner parsing.

The structured semantics defined were encapsulated in vectors and
matrices, allowing for first-order logical interpretation on a world model
of individual entities. Because non-existential quantifiers required an
additional cardinality test compared to other semantic operations, the
incremental semantic model made the prediction that these particular
quantifiers would occupy an element of short-term memory that would
otherwise be used for syntactic processing. A corpus study of the dis-
tribution of quantifiers in modeled short-term memory validated this
prediction.

Incremental structured vectorial semantics has been defined for the
operations of a pushdown automaton with a limited pushdown store,
and it is therefore amenable to practical implementation in an HHMM.
It can thus be envisioned that headwords, model-theoretic logic, or
many other definitions of vector semantics may be incrementally parsed
in this standard framework.

Appendix A: Derivation of HHMM Probabilities under
Structured Vectorial Semantics

» Cross-element expansion (CEE):

Pog cmm.a ((Cma C{r]u Enuxn) [ {=¢n5-)) (A1)

def
= [z, = C;n =cn.]

= *
[enin. = en > eq, ZE%..(L*@ (cnen > cnuene -..) - [, = en.]]
e (A.2)
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= [z, = cp, = el - [Enexin = [;Xm(cn’ ene) Tnicnd] (A.3)

+ Awaited transition (AWT):

Poc-awr.a (€ Cnets Enxput ) | (c;, Cnes Enxe) Cnuonio)

def o = _ = _
=len = cn]] “[enxma = en = €na — Lenireno Enxn[ €y, €nu] - Enuolenio]
) _ (CnLenL_’CnL()enLO anlenLl)
S 3 I (A.4)
EQG_ml*)d(Cmem_’cmﬂemo 2a0)

= [en = ] - [enxner = €y = en = Ee,, Ensnlen €n.]
’ Z:lmo,lm Posir.a (Cnen = lpwocno lpacpa)
) Zemo Por(eno Lm0 €ne) EOG_RL*@(Cmem g Cru0€ni0 L)t
“enoleno] Pa(enu [lna eq)] (A.5)
= ey = ] - [Exner = Enxn - Zi, 01,0 Mr,d(Cne = Lo o byt Cner)
'd(l:meO(lnLO) ’ lngxmo(cma C??LO)_1 'énLO) ’ l:anbl(lml)]] (A.6)

« Active transition (ACT):

PgG—ACT,d((‘:T]H Cnul, émxml) | (—,Cn, —) CmOénLO)
def = _
= [[eannLl =€np > Enl zemvemo €10 [enLO]

*
Esc.m *d (enen=eqien "')‘P9G-L,d (cnien=>cnioeno Cniien.1)

| (A.7)

p.
E Cpen—>CnL0€
GG_RL*’d( n€n=Cnu0€n.0 --)

= *
= [€nixn1 =€y~ €1 = X E%,mm(cﬂen = Cpuln -.-)

e
“Lieordyer Porir o (Cnene = lnwoCno lnicpur)
“Leno Par(eno [ lnwo €ne) - E@GERL“ (cnen 5 Cru0€ni0 L)t
~enwoleno] - Pay (e [lna en)] (A.8)
= [Enixne1 = l:;;an(CTlv Cnu) - Zlm,o,lml mu,d(Cne = lnuoCnio i cnur)

: d(l’l]l,X’I’]LO(l’I]LO) : l:;;xnl,()(cﬂ’ anO)_1 . éT]LO) : l:’l’]LXT]L:l (lnLl )]] (A9>
+ Cross-element reduction (CER):

PGG_CER,d(CnLa éma 1 | <_7 0777 _> (c;ﬂ’ cmm émxnm))

def;_
=[en=eq~ Z *
Cnrenun E9G,RL*,,1(CTI€TI = Cp€n,)

0
EGG—RL* d (Cneﬁ e cnbenb) =
- CCnuxnuk [enu enu-c:”]

(A.10)

= Héﬁb = l_?]an(Cﬁ’ Cﬁb) : l_;an(Cﬁ7C77L)71 : é:uxnu-c : i]] (A]']')
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+ In-element reduction (IER):

PQG—CER,d (Cnu énu 0 | (_a C177 _) (C;L, Cnma émxmn))

+
def EGG_RL*,d(Cnen = Cpen)
= [[enL =€n 2 ” *Crnuxnuk [enu enbm]]]
enereh enun EG@-.{.‘*,d(Cnen - Cpuen,)
(A.12)
= [[ém = Z;xm(c'flv Cm) 'Z;xm(cm cm)_l : é:nynm : i]] (Al?’)
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